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Chapter 1
What This Book Is and Is Not

The question of high smoothness of solutions to partial differential equations, in
particular the equations studied here and called the “@-Neumann problem” and the
complex boundary Laplacian, lie at the interface between real and complex analysis
and has deep repercussions in both.

The C1 regularity results were established in 1963 by J.J. Kohn [K1] and shortly
afterward by others [KN], [Hö1] and only fifteen years later did the local real
analytic regularity find resolution, independently by F. Treves [Tr4] and by the
present author in [T4], [T5]. G. Métivier generalized the results in 1980 following
Treves [Mé2], and then in 1983 J. Sjöstrand [Sj2] used a still different technique,
that of the so-called FBI transform, to re-prove these results. These proofs are
radically different from one another: Treves’ constructs a parametrix for a so-called
Grušin operator and then treats the general case as a perturbation, mine explicitly
and directly localizes a high power of a vector field and then successively and
naturally corrects the commutation errors that arrive in using L2 estimates, and that
of Sjöstrand uses the powerful but somewhat rigid FBI transform, a clever variant
of the Fourier transform that permits one to avoid localization directly. See also the
work of Okaji [Ok] from 1985. We will comment on Treves’ approach in more detail
below.

It is the main purpose of this book, however, to familiarize the reader with the
technique and constructions that I have developed, which, while utterly elementary
in their essence, require a certain amount of time for their exposition, and I felt that
a longer format, such as a book, would provide the matrix for this narrative.

All three methods alluded to above have stood the test of time. The one presented
here not only is elementary in nature, but also seems to be the most flexible and open
to perturbations. And it may be approached through the simple example of sums of
squares of real vector fields of the most elementary (nontrivial) sort.

And while the technique is elementary in nature—it uses nothing beyond a good
first-year graduate course in analysis—it does not replace that course.

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 1, © Springer Science+Business Media, LLC 2011
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2 1 What This Book Is and Is Not

Thus in order to facilitate readability for those who know, or have heard of, this
technique, I have chosen not to start off with the definitions of Lebesgue measure
and integration, the Fourier transform, normed vector spaces, Sobolev spaces and
the Sobolev embedding theorem, left-invariant vector fields on the Heisenberg
group, and some elementary theory of pseudodifferential operators, but have
included a kind of “reference section” in the appendix, which contains the necessary
definitions and basic results to which the reader may wish to refer from time to time.

However, for those who want to assess right away their preparedness for the main
text, here are some of the facts that are developed further in the Appendix. If you
are comfortable with these results and are content to proceed without proofs at this
point, by all means continue to the next chapter.

• The Fourier transform Of .�/ of a function f .x/ is an isometry of L2.Rn/ and
takes @f=@xj to .1=i/�j Of :

• The Sobolev space Hs consists of all functions (tempered distributions) f for
which .1 C j�j2/s=2 Of 2 L2: Thus if s is a nonnegative integer, f 2 Hs if and
only if @˛f=@x˛ 2 L2 for all multi-indices ˛ with j˛j � s:

• (the Sobolev embedding theorem) f .x/ is continuous if f 2 Hs for some s >
n=2: It follows that f 2 C1, provided f 2 Hs 8s:

• Distributions on R
n; denoted by D.Rn/; are elements of the topological dual

space to C1
0 .R

n/: They may be differentiated and multiplied by smooth func-
tions. Every distribution belongs locally to someHs:

• The vector fields

Xj D @

@xj
� yj

2

@

@t
; Yj D @

@yj
C xj

2

@

@t

are the so-called left-invariant vector fields on the Heisenberg group. They satisfy

ŒXj ; Yk� D ıj;kT;

ŒXj ;Xk� D ŒYj ; Yk� D ŒXj ; T � D ŒYj ; T � D 0

(We will use nothing else about the Heisenberg group; suffice it to say that these
vector fields play the same role vis-à-vis the Heisenberg group (they commute
with left translation in the group) that the coordinate partial derivatives do vis-
à-vis the usual Euclidean group structure in R

n:) They will provide the simplest
model for the vector fields we will study.

• The simplest pseudodifferential operators, as introduced by K.O. Friedrichs in
the 1960s, provide the algebraic tool needed to invert many partial differential
operators modulo (infinitely, or analytically) smoothing operators. Just as a
partial differential operator

P.x;D/ D
X

j˛j�m
a˛D

˛; D D 1

i

@

@x
;



1 What This Book Is and Is Not 3

may be defined in terms of its “symbol” p.x; �/ D P
j˛j�m a˛�˛;

3P.x;D/u.�/ D p.x; �/Ou.�/;

so more general “symbols” p.x; �/, which may be sums of terms homogeneous
of decreasing degrees in � (or even asymptotic sums of terms of orders going
to �1), define operators by the same formula and obey a calculus similar to that
of partial differential operators.

• A partial differential (or pseudodifferential) operator P is called hypoelliptic at
x0 whenever Pu smooth near x0 (for a function or a distribution u) implies that u
is smooth near x0: The operator P is called analytic hypoelliptic at x0 whenever
Pu real analytic near x0 (for a function or a distribution u) implies that u is real
analytic near x0:





Chapter 2
Brief Introduction

The techniques and results contained in this monograph arose as, and from, the
solution of a long-standing problem on the interface between complex analysis
and partial differential equations, namely the (local) analytic hypoellipticity of the
“@-Neumann problem” at the boundary of a strictly pseudoconvex domain in C

n:

This problem was introduced in its modern form by J.J. Kohn in [K1], where he
proved local C1 hypoellipticity by way of what amounted, in modern language,
to a “subelliptic” estimate for test functions satisfying the so-called @-Neumann
boundary conditions (v 2 D.@

�
/). This led to the canonical solution of @ on such

domains and hence to the solution of the Cousin problem concerning domains of
holomorphy. Another approach to the solution of the Cousin problem had been used
by Hörmander [Hö4] but is of quite a different character, not involving boundary
regularity.

The question of local real analytic regularity of the @-Neumann problem on
strictly pseudoconvex domains or slightly more general domains was achieved
independently and simultaneously by the present author [T4], [T5] and F. Treves
[Tr4]. I shall not comment on Treves’ solution until Chap. 14, both because it is
extremely different from ours, and, we believe, because it lacks the flexibility and
elementary nature of our proof. Indeed, in the succeeding 32 years, a whole host
of other problems has proved amenable to our constructions with relatively minor
modifications, and I prefer to present those here.

It is this flexibility and enduring success of the present method that have
encouraged me to present the story to a wider audience. I will thus explain the
origins of the problem as we go along but not dwell on the complex analysis or even
on the symplectic geometry involved but rather focus on what has proved to be the
most difficult aspect of the work for the reader, namely learning not to become lost
in the details.

And details there are. But we believe strongly that once one understands the
motivation and meaning of the proof, the details are “mere details”, and could be
filled in at one’s own pace.

It is my fervent hope that the present approach will fulfill this aim.

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 2, © Springer Science+Business Media, LLC 2011
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6 2 Brief Introduction

Thus the monograph will have an unconventional flow, or at least its flow will
differ from that of most “mathematics books”. There will of course be theorems and
proofs, but the initial portion will be devoted to a detailed, and extremely intuitive,
analysis of the simplest imaginable model that our approach is designed to attack,
and even there the result was unknown prior to our work in 1978.

There will be rigorous constructions, but even more space devoted in the first few
chapters to the intuitive understanding of why these constructions work and, in fact,
are the only ones that can work. For the miracle that gradually makes itself visible
is that the same basic construction can be easily adapted to numerous more general,
and more degenerate, situations.

Only after we feel certain that the serious reader has come to deeply appreciate
the value and subtleties of the simplest case will the presentation become more
“mathematical” and conventional, with tougher calculations but ones that should
not feel more difficult once the first parts have been mastered.

In places, once the new and most difficult material has been introduced and
worked through, there will come moments when the proof proceeds precisely as the
model case did, where certain concepts and constructions have changed in detail,
but not in essential flavor, and in particular have not changed in ways that would
affect the argument of the model case. In such situations, we will not repeat all the
details of the model case, but will merely substituting the entities that have changed
only in ways that do not affect the remaining argument.

We hope and trust that such arguments will not be misunderstood as “hand-
waving”; it is also our conviction that at certain points to include every detail would
only obfuscate the proof, not elucidate it.

And one more important point: research in this field is ongoing. There are
important situations in which analytic hypoellipticity (AHE), even global analytic
hypoellipticity (GAHE), fails although many had hoped that it would hold, for
example in the case of weakly pseudoconvex domains in complex analysis (cf.
[Chr1], [Chr3], [Chr6]), and there are several important open conjectures (the
embedding question for strongly pseudoconvex “CR” manifolds of dimension 5,
which would follow from a suitable nonlinear AHE result, and the so-called
conjecture of Treves, which concerns a certain “Poisson–Treves” stratification of
the characteristic manifold, which I shall discuss in due course).



Chapter 3
Overview of Proofs

3.1 A Few Preliminary Definitions

I confess from the outset to a certain prejudice, and we secretly believe that every
researcher in this field has one. Mine is that smoothness is good and that more
smoothness is better.

Not just good—a differential operatorP with the property that whenever the data
(the right-hand side of the equation and possibly boundary data) belong to a certain
smoothness class, then any (distribution) solution has to belong to that class as well
(or better, occasionally), has a kind of magic way of conferring on its “offspring” its
own characteristics.

Harsh? Rigid? Perhaps, but I believe that studying such disciplined mathematical
objects may free one to pursue less clearly defined and restrictive subjects in one’s
personal life, such as musical aesthetics in our case.

Here, then, are the classes and corresponding types of operators with which we
will deal.

The following properties may be global in � (valid in a given open set �),
local at x0 (valid in any sufficiently small open set ! containing x0), in the sense of
germs at x0 (valid in some open set containing the point x0 of interest), or microlocal
at .x0; �0 ¤ 0/ (valid in a sufficiently small open conic neighborhood �x0;�0 of
.x0; �0/). A conic neighborhood will mean the Cartesian product of an open set x0
with an open cone

� D
�
� 2 R

n W � ¤ 0;

ˇ̌̌
ˇ �j�j � �0

j�0j
ˇ̌̌
ˇ < "

�

for some (small) ":

Definition 3.1. A function is called smooth if it is infinitely differentiable (C1).

Definition 3.2 (HE). A linear partial differential operator is called hypoelliptic if
any distribution solution must be smooth whenever the data are.

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 3, © Springer Science+Business Media, LLC 2011
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Definition 3.3. A function g belongs to the Gevrey class Gs if it is smooth and
satisfies ˇ̌̌

ˇ@
kg

@xk

ˇ̌̌
ˇ � CgC

k
g kŠ

s; k D 1; 2; : : : :

Definition 3.4 (GHE). A linear partial differential operator is called Gevrey-s
hypoelliptic (GHE) (or Gs-hypoelliptic) if any distribution solution must belong
to Gs whenever the data are in Gs .

Definition 3.5. A function is called real analytic if it is smooth and belongs to G1.

Definition 3.6 (AHE). A linear partial differential operator is called analytic
hypoelliptic (AHE) if any distribution solution must be analytic whenever the
data are.

Remark 3.1. Note that the notion of (analytic) hypoellipticity in the sense of germs,
say at the origin, may mean that the regularity of the solution may hold only in
certain neighborhoods and the proof may not yield local AHE. For example, a
proof might apply to neighborhoods with a certain angular symmetry and not to
all neighborhoods, no matter how small.

3.2 Elliptic Equations and Boundary Value Problems

Smoothness of solutions to partial differential equations with smooth (analytic) data
near a given point is a subject with a long history.

Elliptic equations and systems with suitable coefficients, arguably the “best”
PDEs in the sense of my prejudice, have the property that all (distribution) solutions
with smooth (real analytic) data near a given point must themselves be smooth (real
analytic) near that point.

On the other hand, parabolic equations, such as the heat equation, enjoy the same
property but only up to a certain degree of regularity, exhibiting so-called Gevrey-s
(Gs) hypoellipticity for s � 2 but not in the real analytic class (G1).

Hyperbolic equations, such as the wave equation, are utterly dependent on the
way their initial data “propagate,” and smooth initial data in any class can “interfere”
with themselves (at the vertex of the light cone, for example) and lead even to the
nonexistence of solutions or the existence of only very rough ones.

For elliptic equations, such as the Laplace operator, the local C1 result is often
referred to as Weyl’s lemma, although this name can also refer to the real analytic
result.

One can also discuss boundary value problems for elliptic operators, and certain
homogeneous boundary conditions (such as the Dirichlet or Neumann problem) lead
to regularity up to the boundary locally.

We will see below a simple proof of this fact that highlights the difficulties in
generalizing the method to other operators.
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Of course, it is one thing to prove the local existence of a solution to a partial
differential equation (by means of power series in the real analytic category or
integration along vector fields using ordinary differential equations in the smooth
case, or even by using rather general a priori inequalities) given local data, and it
is something else entirely to prove global existence of a solution given global data
(generally using a priori inequalities or, in some cases, integration along globally
defined vector fields using ODE methods).

Clearly, global existence usually implies local existence, by extending local data
to global data using cut-off functions, invoking global existence, and then restricting
to the neighborhood in question to generate a local solution. Thus global existence
is a more difficult problem than local existence.1

On the other hand, local regularity of solutions (given any solution, which
may be a distribution or even a hyperfunction solution, and perhaps defined only
near a point, showing that the solution is as regular as the data are near that
point) is far more difficult than global regularity, since it requires some way of
excluding the influence of more distant information upon the solution. Sometimes
the “localization” can be accomplished with smooth cut-off functions ' equal to
1 near the point in question and supported in a small neighborhood !, but just
because one knows that Lu Df 2 C1.!/, one cannot conclude very much about
the localized solution 'u, since 'u is not the solution of the differential equation:
all one knows is that

L'u D 'Lu C ŒL; '�u D 'f C ŒL; '�u;

and the whole story comes down to finding an effective way to handle the
commutator term.

It is easy to see that local regularity theorems generate global regularity theorems
with no additional work, for if Lu D f globally on some domain � with f
smooth in all of �; then near each point in �, f will be smooth; hence, given
local regularity, u will be smooth near that point, which is equivalent to saying that
the solution u is smooth globally in �; i.e., global regularity holds.

However, local regularity is so much more difficult to prove that one usually
considers global regularity directly if that is what is of interest.

3.3 The Simplest Subelliptic Case

From the field of several complex variables, one of the early important questions
was to identify the “domains of holomorphy” in C

n; namely those domains that are
natural domains of existence for holomorphic functions; for any such a domain there
exists a function holomorphic there that cannot be extended to any larger domain.

1The only caveat here is that the extended data, which are usually generated using a cut-off
function, will generally need to belong to the class for which global existence is to be proved,
and the use of cut-off functions in the real analytic category is not possible without taking great
care, as will be described below.
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A method to attack this problem was devised by J.J. Kohn. It was a boundary
value problem for an elliptic system (proportional to the Laplacian in Euclidean
space), known as the “@ -Neumann problem.”

This boundary value problem shared some, but not all, properties with coercive
(elliptic) boundary value problems. In particular, one could show that this problem
was hypoelliptic up to the boundary in the case of so-called strictly pseudoconvex
domains (the biholomorphic images of strictly convex domains) in the C1 and
Gevrey Gs; s � 2, categories, and even in all s > 1 and some quasianalytic classes.

But proving real analytic hypoellipticity (up to the boundary) proved to be a
difficult and surprisingly refractory problem, resolved in 1978 independently in
[T4], [Tr4].

More recently, these methods have been extended to many weakly pseudoconvex
domains and the more abstract case of certain nonelliptic partial differential
operators.

The simplest cases to be considered arise in complex analysis under the name of
the “Kohn Laplacian” (e.g., for the boundary of the Siegel upper half-space =w > jzj
in C

2) and in its simplest version may be written as sums of squares of independent
vector fields,

PH .x;D/ D
2X

jD1

�
XH
j

�2
; (3.1)

XH
1 D @

@x1
� x2

2

@

@t
D X1; XH

2 D @

@x2
C x1

2

@

@t
D X2; (3.2)

or just
P D

X
X2
j

for simplicity. This operator has symplectic characteristic variety (this means in this
setting that the three fields

XH
1 ; X

H
2 ; and T H D ŒXH

1 ;X
H
2 � span the tangent space TR

3 (3.3)

near the point in question), and we will be concerned with regularity of solutions
near the origin.

This operator P has the coordinate expression

P D @2

@x21
C @2

@x22
C
�
x21 C x22

�
4

@2

@t2
C
�
x1

@

@x2
� x2 @

@x1

	
@

@t

D �x C r2

4

@2

@t2
C r

@

@�

@

@t

with r2 D x21 C x22 and r @
@�

D x1
@
@x2

� x2
@
@x1
:
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3.4 Subelliptic Estimates

Establishing subelliptic estimates for the model case and some generalizations is not
difficult. For the sum of squares above, it is obvious that we have

X
kXj vk20 . j.P v; v/0j C kvk20 (3.4)

for v of compact support, where we denote the norm in L2 by kvk0 and the inner
product by .v;w/0 or just .v;w/: And the notation A . B means

A � CB; (3.5)

where the constantC will be independent of all variables and functions encountered
and might change from line to line within a derivation but could be fixed once and
for all.

The estimate (3.4) is actually the maximal estimate, not a subelliptic one.
In fact, there are two definitions of subellipticity, closely related to one another.

In the form we will first consider them (the “loss of one derivative” case) they are
the following:

Definition 3.7 (Norm subellipticity with loss of one derivative).

kvk21 . kP vk20 C kvk20:

Definition 3.8 (Inner product subellipticity with loss of 1=2 derivative).

kvk21=2 . j.P v; v/j C kvk20;

where norms are L2 Sobolev norms of the indicated order, i.e.,

kvks D kOv.�/.1C j�j2/s=2k0; (3.6)

and v is taken to be smooth and of compact support in a fixed open set. More
generally, operators may lose more derivatives, although until recently always with
" > 0:

Definition 3.9 (Norm subellipticity, loss of 2 � 2" derivatives).

kvk22" . kP vk20 C kvk20: (3.7)

Definition 3.10 (Inner product subellipticity, loss of 1 � " derivatives).

kvk2" . j.P v; v/j C kvk20: (3.8)
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For model vector fieldsXH; Y H ; T H D ŒXH ; Y H � arising as the canonical basis
for the so-called left-invariant vector fields on the Heisenberg group (see below), we
have the strongest possible (nonelliptic) subelliptic estimate, with " D 1=2. Starting
from

kvk21=2 .
2X

jD1
kXH

j vk2�1=2 C kT H vk2�1=2 C kvk20; (3.9)

where the sum over j is obviously controlled by j.P v; v/0j C kvk2: For the
second term on the right, let ƒ denote the pseudodifferential operator with symbol
.1C j�j2/1=2: Then

kT H vk2�1=2 D .ƒ�1=2T H v; ƒ�1=2T H v/ D ��
XH
1 X

H
2 � XH

2 X
H
1

�
v; ƒ�1T H v

�
D �

XH
2 v;

˚
ƒ�1T HXH

1 C 

XH
1 ;ƒ

�1T H
��

v
�

� �XH
1 v;

˚
ƒ�1T HXH

2 C ŒXH
2 ;ƒ

�1T H �
�

v
�
:

These two inner products are similar, and there are two observations to be made:

• The kXH vk20 are bounded by j.P v; v/0j as desired.
• The brackets andƒ�1T H have order zero and thus are L2 bounded.

The result, after the use of a “weighted” Schwarz inequality, is that

kT Hvk2�1=2 �
X

kXH
j vk20 C kvk20;

which implies that

kvk21=2 C
X

kXH
j vk20 . j.P v; v/0j C kvk20; v 2 C1

0 : (3.10)

A simple additional argument, namely replacing v by ƒ1=2v; suitably localized
in space (since ƒ destroys compact support), yields the following result:

Proposition 3.1.

kvk21 C
X

kXH
j vk21=2 C

X
kXH

j X
H
k vk20 . kP vk20 C kvk20; v 2 C1

0 : (3.11)

As for the names “norm subelliptic with loss of one derivative” and “inner-
product subelliptic with loss of one-half derivative,” both are meant to imply,
heuristically at least, that P u 2 Hs ! u 2 HsC1: While this may appear to be
a gain of one derivative, compared to the elliptic case (P u 2 Hs ! u 2 HsC2) it
is a weaker result by one derivative, whence the name. And the inner product tag of
a “loss of one-half derivative” is a bit harder to justify, although in common usage,
since we are using the pairing betweenH1=2 and H�1=2; this estimate (3.10) yields

kvk2�1=2 . kP vk21=2 C kvk2�1;
which clearly represents a loss of one derivative over the elliptic situation.
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3.5 Local C 1 Regularity

To show that all solutions of a partial differential equation satisfying a subelliptic a
priori estimate and whose data are smooth must themselves be smooth is a problem
that has been studied for a long time, and by now a number of techniques are
available.

We identify three notions of regularity of a function, namely global, local, and
microlocal. Their definitions are as follows:

Definition 3.11. The operator P is called (globally) C1.Gs/ hypoelliptic
in � if whenever a distribution u satisfies P u 2 C1.�/ .Gs.�//, then
u 2 C1.�/ .Gs.�//:

Definition 3.12. The operator P is called (locally) C1.Gs/ hypoelliptic in � if
each point in � has a neighborhood where P is C1.Gs/ hypoelliptic.

Here the Gevrey-s class Gs is defined by

Definition 3.13. w 2 Gs in U provided every point in U has a neighborhood V
and a constant C such that for all ˛;

jD˛wj � C j˛jC1˛Šs;
uniformly in V:

In view of Stirling’s formula,2 this is equivalent to the existence of such a C with

jD˛wj � C j˛jC1j˛jsj˛j:

Note that G1 D C! is the real analytic class.
Again, using the Sobolev embedding theorem,3 it is not hard to see that these

properties are equivalent to the following: for any smooth function ' � 1 near p
but supported in a larger, but still arbitrarily small, neighborhood of p; there exists
a constant C with

k'D�uk0 � C j� jC1�Šs 8�
or, equivalently, in view of Stirling’s formula,

k'D�uk0 � C j� jC1j� jj� js 8�:
We will define microlocal hypoellipticity in various classes a bit later. But

microlocal hypoellipticity at all points in the cotangent space will imply local
hypoellipticity, and this will imply global hypoellipticity in each of the classes
above.

We will work with the local problem and show later how to microlocalize the
results and the methods.

2kk � CkC1kŠ 8k:
3Hs � Ck if s > k C .n=2/ and kwkCk . kwks in this case.
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3.6 Proving C 1 Regularity

The proof of C1 regularity is by now well known, but is not trivial.
First of all, since the space of distributions is the union of all the Sobolev spaces

Hs; we will assume that our solution u belongs, say, to Hs0 locally or, what is the
same thing, that for any function of compact support 	.x/; we have

k	uks0 < 1:

In an effort to show that 	u also belongs to Hs0C 1
2 ; one of the most pleasant

proofs, which is linked to our methods in flavor, is to use an “approximate identity,”
namely convolution with a “bump” function (called a Friedrichs mollifier; cf. [Fr]),
unrelated to those to be used later, that renders everything C1 and hence allows us
to apply the a priori estimate at the Hs0 level and later allow the bump function to
approach the Dirac delta function suitably and conclude that 	u is in fact in Hs0C 1

2 :

By a subelliptic a priori estimate at the levelHs we mean

kvk2
sC 1

2

C
X

kXj vk2s . j.P v; v/Hs j C kvk2s (3.12)

for v 2 C1
0 :

To obtain this we apply the standard zero-level estimate (3.10) to ƒsv; but we
need to make sure that we are applying it to functions of compact support.

This is easily done, however: if v has support in a small open set !; pick a
localizing function 	 identically equal to 1 near the closure of ! but supported in
a slightly larger open set Q!; and observe that the errors committed are of the form
.1 � 	/ƒsv in some norm.

But since the supports of v and of .1� 	/ are well separated, such an expression
belongs to C1 by easy results in pseudodifferential operator theory, and in fact on
such v; the operator .1 � 	/ƒs has order �1: This yields (3.12).

The next step is to define the operator J"; following K.O. Friedrichs, by

J"w D 
" � w;

where

".x/ D "�n
.x="/

for a standard nonnegative C1 function 
 with support in .�1; 1/ and integral
equal to 1.

Then for w of small support, J"w is in C1 and, as " ! 0; of small support, and
J"w will converge to w in any Sobolev space to which w belongs.

But more importantly, if fkJ"wksg remains bounded as " ! 0; then by the
Lebesgue monotone convergence theorem (on the Fourier transform side), the J"w
actually converge to an element of Hs , which one shows must be w itself.

This is the form in which (3.12) will allow us to show that the solution is in C1:
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For knowing that u 2 Hs0 ; the a priori estimate (3.12) may be applied to 	u with
s D s0 W

kJ"	uk2
s0C 1

2

C
X

kXjJ"	uk2s0
. j.PJ"	u; J"	u/s0 j C kJ"	uk2s0
. j.J"	P u; J"	u/s0 j C kJ"	uk2s0 C j.ŒP; J"	�u; J"	u/s0 j:

Friedrichs has carried out the estimates on the bracket in his lecture notes [Fr],
but it quite clearly suffices to show that ŒXj ; J"	� is bounded in Hs0 uniformly in "
or, what is the same thing, that [coeff., J"� is of order �1 uniformly in ":

This is all quite classical, and we refer the reader to [Fr].
Thus we have established

kJ"	uk2
s0C 1

2

C
X

kXjJ"	uk2s0
. kJ"	Puk2s0 C kJ"	uk2s0 C kŒXj ; J"	�uk2s0
. kJ"	Puk2s0 C kJ"	uk2s0 C kJ"	0uk2s0 C kŒJ"; Xj �	uk2s0
. k	Puk2s0 C kJ"	.0/uk2s0 C k	uk2s0 ; (3.13)

so that indeed, kJ"	uk2
s0C 1

2

remains bounded as "! 0, and we conclude (using

the Lebesgue monotone convergence theorem on the Fourier transform) that
	u 2 Hs0C 1

2 .
If P u 2 C1 D \Hs; then the solution u also belongs to all Hs , hence to C1:

Remark 3.2. The same C1 regularity result follows from the subelliptic estimate in
norm form, (3.11), although the derivation is slightly more complicated, involving
double brackets.

3.7 Gevrey Regularity

From the estimate (3.13), or its consequence when " ! 0; and because of the
presence of the term with a derivative on 	 which is in a norm that is better by 1/2
than the norm on the left-hand side, upon iteration until all derivatives on u have
been estimated, it is easy to see that in estimating N derivatives on u we encounter
	.2N/ on the right.

If Pu is in Gs with s D 2; then there is no obstruction to boundingN derivatives
of u by C2N .2N /Š, i.e., u 2 G2, and if Pu belongs to Gs with any larger s; the
same estimates will allow us to conclude that the solution belongs to Gs as well.
For s < 2; the derivatives on 	 will still lead only to G2 and not better.

More refined analysis is possible for other operators, generally in more variables,
where the Gevrey index depends on the direction in which one looks. This is already
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true for the heat operator, which is analytic hypoelliptic in spatial directions but only
G2 in time, but a much more refined analysis of such operators has been carried out
in [ST1] and [ST2].

Now that the solution is kown to be in C1; its derivatives may be subjected to
the estimate to try to obtain sufficiently uniform estimates.

In the elliptic case, this approach does yield analyticity, as we will now show, but
for the subelliptic situation it will not, in general. We start with the easier, elliptic,
situation.

3.8 Elliptic Operators

For an elliptic partial differential operator,

E D
X
j;k

gjk.x/DjDk; (3.14)

with det.gjk/ positive and bounded away from zero, we have the elliptic, or
“coercive,” a priori estimates

X
j˛j�1

kD˛vk20 . j.Ev; v/0j C kvk20 (3.15)

and X
j˛j�2

kD˛vk20 . kEvk20 C kvk20 (3.16)

for v of compact support; that is, there is no loss of derivatives.
Given u 2 C1 with Eu D f 2 C!; the real analytic class, we introduce a

nested family of N functions f'j g of compact support, each supported in the set
where the next is identically equal to one, '1 � 1 on ! b Q!; and 'N supported
in Q!: DerivativesD˛'j ; ˛ a multi-index, will satisfy

jD˛'j j � CN j˛j; j˛j � 2: (3.17)

3.8.1 Symmetrization of the Estimates

In the estimate (3.15) above, and also in (3.16), it is useful to symmetrize the
location of the cut-off function and other operators.

The following definitions are slightly context-dependent, but the meaning should
be clear from the context.

Definition 3.14. For a derivativeDj ;

skDjA.v/k0 D kDjAvk0 C kADj vk0
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and, without specifying indices,

skD2A.v/k0 D kD2Avk0 C kDADvk0 C kAD2vk0:
Definition 3.15. For a vector field Z and an operator such as a localizing
function A,

skZAwk0 D kZAwk0 C kAZwk0
and, generically,

skZ2Awk0 D kZ2Awk0 C kZAZwk0 C kAZ2wk0:
Back to the elliptic case, then, we substitute v D '1D

ˇu in (3.15) and commute
'1 past E: After dropping indices onD; from (3.15) we have

skD'1Dˇ.u/k20 . kD'1Dˇuk20 C k'1DDˇuk20
. j.E'1Dˇu; '1D

ˇu/0j C skD'.0/1 Dˇ�1.u/k20
. j.'1DˇEu; '1D

ˇu/0j C j.ŒE; '1Dˇ�u; '1D
ˇu/0j

C skD'.0/1 Dˇ�1.u/k20;

so that with integration by parts and a weighted Schwarz inequality,4 the last
expression above satisfies

. skD'1Dˇ.u/k20 . k'1DˇEuk20 C skD'.0/1 Dˇ�1.u/k20 C skD'.2/1 Db�2.u/k20

C
X
0< Q̌�ˇ

 
ˇ

Q̌
!

j.g. Q̌/'1DˇC2� Q̌
u; '1D

ˇu/0j:

(Here and elsewhere we may sometimes, and, we admit, abusively, write ˇ � 1 for
some ˇ0 with jˇ0j D jˇj �1 without explicitly mentioning it. Confusing indices and
multi-indices in this way will never lead to confusion or to trouble.)

In the last term we integrate oneD to the right, in order to produce a gain in jˇj;
modulo a possible derivative on '1 or another one on one of the coefficients, g; of
the elliptic operator E; and also interchange '1 and '0

1 in the last term.
The result is 
ˇ

Q̌
! ˇ̌̌�

g.
Q̌/'1DˇC2� Q̌

u; '1D
ˇu
�
0

ˇ̌̌

�
 
ˇ

Q̌
! ˇ̌
ˇ�g. Q̌/'1DˇC1� Q̌

u; '1D
ˇC1u

�
0

ˇ̌
ˇC
 
ˇ

Q̌
! ˇ̌
ˇ�g. Q̌C1/'1DˇC1� Q̌

u; '1D
ˇu
�
0

ˇ̌
ˇ

C
 
ˇ

Q̌
! ˇ̌
ˇ�g. Q̌/'1DˇC1� Q̌

u; '0
1D

ˇu
�
0

ˇ̌
ˇ

4i.e., for arbitrary ı > 0; j.v;w/j � ıkvk2 C 1
4ı

kwk2 D s:c:kvk2 C `:c:kwk2 .
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� s:c:skD'1Dˇ.u/k20 C `:c:skD'0
1D

ˇ�1.u/k20 C C.N 2/skD'1Dˇ�1.u/k20

C
 
ˇ

Q̌
!2
N�2C j Q̌j. Q̌ C 1/Š2 � skD'1Dˇ� Q̌

.u/k20;

so that

skD'1Dˇ.u/k0
. k'1DˇEuk0 C skD' 0

1D
ˇ�1.u/k0 C skD' 00

1 D
ˇ�2.u/k0

CNskD'1Dˇ�1.u/k0 C
X
0< Q̌�ˇ

 
ˇ

Q̌
!
N�1C j Q̌j. Q̌ C 1/ŠskD'1Dˇ� Q̌

.u/k0:

To understand this last coefficient, we observe that since jˇj � N;

 
ˇ

Q̌
!
N�1C j Q̌j. Q̌ C 1/Š � C

Q̌
 
ˇ

Q̌
!

Q̌Š D C j Q̌j ˇŠ

.ˇ � Q̌/Š � C
Q̌
N

Q̌
:

Thus the estimates may be rephrased:

skD'1Dˇ.u/k0 . k'1DˇEuk0 C skD' 0

1D
ˇ�1.u/k0 C skD' 00

1 D
ˇ�2.u/k0

CN skD'1Dˇ�1.u/k0 C sup
0< Q̌�ˇ

C j Q̌jN j Q̌j skD'1Dˇ� Q̌
.u/k0:

(3.18)

Note that of the terms on the right there are:

• a term with Eu; which is known;
• terms where jˇj has dropped and the drop in jˇj has appeared as derivatives on
'1 (at most two of them);

• one term (the fourth) where jˇj has dropped and instead of a derivative on '1
there is a power of N I and

• a term with larger drop in jˇj and the same kind of compensation with powers
of N:

We will not let more derivatives land on '1; but introduce '2 at this point,
then bring '1 out of the norm by a constant (N or N2, depending on how many
derivatives have landed on '1).

We continue in this way until at most one derivative is left to land on u:We have,
starting with jbj D N;

k'1DNC1uk0 . sup
QN�N

.CN/N� QNkD QNEukL2. Q!/ C .CN/Nk.D/uk2
L2. Q!/;

which proves analyticity of u in !; given that of Eu (and of the coefficients of
E in Q!/.
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3.8.2 Proof vi Na the Norm Estimate

Rephrasing the above, but this time starting from the norm estimate (3.16);

X
j˛j�2

kD˛vk20 . kEvk20 C kvk20;

we introduce as before a nested family of N functions f'j g of compact support,
each supported in the set where the next is identically equal to one, '1 � 1 on
! b Q!; and 'N supported in Q!; whose derivatives satisfy

jD˛'j j � CN j˛j; j˛j � 2;

Again, in the estimate above, symmetrizing the location of the cut-off function
as in the definition above; we have

skD2'1D
ˇ.u/k0 � kD2'1D

ˇ.u/k0 C kD'1DDˇ.u/k0 C k'1D2Dˇ.u/k0
. kE'1Dˇuk0 C skD2'

.0/
1 D

ˇ�1.u/k0
. k'1DˇEuk C kŒE; '1Dˇ�uk C skD2'

.0/
1 D

ˇ�1.u/k0
. k'1DˇEuk20 C kg.x/'.0/1 DˇC1uk20 C kg.x/'.00/1 Dˇuk20

Ck'1Œg.x/;Dˇ�D2uk0 C skD2'
.0/
1 D

ˇ�1.u/k0;

where g.x/ stands for any of the coefficients of E: Thus

skD2'1D
ˇ.u/k0 . k'1DˇEuk0 C skD2'

0

1D
ˇ�1.u/k0 C skD2'

00

1 D
ˇ�2.u/k0

C
X
0< Q̌�ˇ

 
ˇ

Q̌
!

kg. Q̌/'1Dˇ� Q̌
D2uk0

. k'1DˇEuk0 C skD2'
0

1D
ˇ�1.u/k0 C skD2'

00

1 D
ˇ�2.u/k0

C sup
0< Q̌�ˇ

C j Q̌j ˇŠ

.ˇ � Q̌/Š
skD2'1D

ˇ� Q̌
.u/k0;

and from here the estimates proceed exactly as before.
Actually, all of the proofs may be cast in the norm formulation, and in some cases

this seems to produce simpler reading.
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3.9 Nonelliptic Operators

If, however, the estimate at hand is not elliptic, but rather only subelliptic, it is no
longer necessarily true that all solutions need to be locally analytic whenever the
data are.

For any given s > 1; there is no problem in producing a cut-off function '� 1

in ! and supported in Q! with

jD˛'j � C.C j˛j/sj˛j 8˛: (3.19)

That this is possible amounts to saying that the Gevrey classes strictly larger than the
real analytic class are nonquasianalytic, i.e., contain compactly supported functions,
and constructing such a ' is simple: since

X 1

j s
< 1; (3.20)

we may take an “infinite convolution” of the bump functions

 j .x/ D .j s=d/n
.xj s/ (3.21)

for a standard bump 
.x/ of integral one. The  j also have integral equal to one,
and a derivative of  j produces a factor j s , so letting one derivative fall on each of
the j ; n derivatives of the convolution would have the bound…n

1.Cn/s D .C k
s /nŠ

s .
Then the above analysis, keeping the same localizing function throughout and

using only the 1=2 norm of the estimate (3.12), will produce

jDkuj � �
Ck
s

�
kŠs; (3.22)

provided this is true of Pu as well.

3.9.1 The Baouendi–Goulaouic Example; Sharpness

In 1972 [BG], M.S. Baouendi and C. Goulaouic produced an example of a very
simple subelliptic operator that they showed was not analytic hypoelliptic (AHE):
there were nonanalytic solutions to the homogeneous equation that had polynomial
coefficients. Their operator was

PBG D D2
x CD2

t C x2D2
s : (3.23)

As seen above, this operator is C1 hypoelliptic and even Gs hypoelliptic for any
s � 2; yet Baouendi and Goulouic produced a homogeneous solution PBGu D 0
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that was in G2 but in no Gs with s < 2: We will have more to say about such
operators below. For the moment, we merely write down a counterexample to AHE
for PBG: for any " > 1; set

u".x; t; s/ D
Z 1

0

exp Œi	2s � t	 � 	2x2=2� 	"� d	:

Then it is not difficult to see that PBG u" D 0, yet u" 2 G2=" but is in no smaller
Gevrey class. This clearly shows that the operator cannot be Gs hypoelliptic for
any s < 2: Note the subtle difference between this proof and the construction of
Baouendi and Goulalouic, both of which imply non-AHE.

3.10 The Analyticity Problem and Its Solution

3.10.1 Obstructions to Proving Analyticity

Nonelliptic operators P will satisfy a priori estimates weaker than the coercive or
elliptic ones but strong enough, nonetheless, for most purposes.

For the sum of squares under consideration, using [RS], one has

kvk21=2 C
2X

jD1
kXj vk20 . j.P v; v/0j C kvk20; v 2 C1

0 ; (3.24)

for all v with support in a fixed bounded open set containing the origin
(in .x1; x2; t/).

There are, in fact, examples of operators P satisfying the subelliptic estimate
above that do not have this last property.

But for those with symplectic characteristic variety, as our P has, it was hoped
that the finer regularity results would be true, and this monograph is dedicated to
that proof.

3.10.2 Why the Most Naive Approach Fails

Suppose that we know that a function u belongs to C1 and that ' is one of the
“localizing functions” mentioned above. To obtain sufficient bounds for derivatives
of u; given P u D f 2 Gs; 1 � s < 2; one might try to replace the “test function” v
in the estimates above by v D Su D 'T pu; where T D 1

i
@
@t
; obtaining



22 3 Overview of Proofs

2X
jD1

kXj'T puk20 C k'T puk21=2

D
2X

jD1
kXjSuk20 C kSuk21=2 . j.PSu; Su/0j C kSuk20

. j.SP u; Su/0j C j.ŒP; S�u; Su/j C kSuk20

D j.Sf; Su/0j C
2X
1

j.ŒX2
j ; S�u; Su/j C kSuk20

D j.Sf; Su/0j C 2

2X
jD1

ˇ̌̌
.ŒXj ; S�u; X

�
j Su/

ˇ̌̌
C

2X
jD1

j.ŒXj ; ŒXj ; S��u; Su/j C kSuk20:
(3.25)

Now the first term on the right is fine: using the Schwarz inequality,

j.Sf; Su/0j . kSf k20 C kSuk20I

the first of these is known, while the second is the fourth term in the previous line.
That fourth term itself is the same as the second term on the left, but has “gained”

half a derivative; this step may be iterated easily.
But it is the errors that come up in treating the other two terms that will bother us.
For instance, since in this case X�

j D �Xj ;
ˇ̌
.ŒXj ; S�u; X

�
j Su/

ˇ̌
D j.ŒXj ; S�u; XjSu/j . s:c:kXjSuk20 C `:c:kŒXj ; S�uk20
D s:c:kXj Suk20 C `:c:k'0T puk20 D s:c:kXj 'T puk20 C `:c:k'0T puk20

where the first term on the right will be absorbed on the left-hand side of (3.25) but
not the second term, since ' has been differentiated.

To iterate this estimate, ignoring the double commutator term for the moment,
we first need to write the last term in the form present on the left of (3.25). We will
think (microlocally, since only T derivatives are in question) of

k T `vk0 � k T `�1=2vk1=2;
i.e., deal with pseudodifferential operators, in particular ƒt ; whose symbol is
.1C j� j2/1=2; and write

k T `vk0 � k ƒ`
t vk0 � kƒ1=2

t  ƒ
`�1=2
t vk0 C kŒƒ1=2

t ;  �ƒ
`�1=2
t vk0

� k ƒ`�1=2
t vk1=2 C kŒƒ1=2t ;  �ƒ

`�1=2
t vk0:
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Now, we know from the calculus of pseudodifferential operators that the bracket
here has a whole asymptotic expansion in decreasing powers of ƒt and increasing
numbers of derivatives on  I thus once we learn how to control high derivatives
of  , we will arrive at an iteration of the form

2X
jD1

kXj'ƒk
t uk20 C k'ƒk

t uk21=2

. k'ƒk
t f k20 C k'0ƒk�1=2

t uk21=2 C k'00ƒk�3=2
t uk21=2 C 	 	 	 : (3.26)

All of the terms on the right must be treated, but since the orders are decreasing,
the highest-order term presents one derivative on the localizing function for a gain
of 1=2 derivative on u; and ultimately leads to the bound (after iteration)

k'ƒk
t uk21=2 � CCkk'.2k/uk21=2:

For suitable localizing functions, this will lead to the second Gevrey class and not
better.

This is the general reason why the most straightforward methods used for
certain operators satisfying subelliptic estimates do not lead to analytic regularity of
solutions (even though, in some very important cases, these operators are analytic
hypoelliptic).

(We will not dwell on the double commutator .ŒXj ; ŒXj ; 'T p��u; 'T pu/ at the
moment, since we will need to consider it later anyhow in a more complex context
and we prefer to leave the introduction without too many technicalities.)

3.10.3 The Flavor of Our Methods

To prove that locally, for a function u; P u D f in some smoothness class implies
that u is in the same (or possibly a different) smoothness class, for our operator P;
which is singular (nonelliptic) only “in the @

@t
direction,” in a sense to be made

precise below, it suffices to show that high derivatives in t can be controlled suitably.
Denoting by T the operator

T D @

@t
;

and taking a suitable function ' 2 C1
0 .!/; ! a small open set containing the point

p0 in question, with
' � 1 near p0;

it would suffice to show that

k'T kuk0 � CCkkŠs 8k:
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Of course, since there will be a trade-off between lowering the order k of
differentiation in the vector field T and derivatives landing on the localizing
function, we will need to use very special localizing functions, or families of such
functions, introduced by Ehrenpreis, that behave “analytically” while still having
compact support. For the moment, suffice it to say that this is not an insurmountable
problem.

Our localization of T p will be of the form

.T p/' D 'T p C terms where ' is differentiated

such that
.T p/' D T p in any open set where ' � 1:

Thus it will suffice to show that

k.T k/'uk0 � CkC1kŠ

in order to conclude that u is analytic in any open set where ' D 1:

In fact, and this is Ehrenpreis’s crucial observation, ' may depend on p as long
as the constant C does not, and the different ' are all equal to 1 on a common open
set and supported where we have information about the data.

What we actually use is that given two nested open sets ! b Q!; with separation
d D dist.!; Q!c/ and a positive integer N; there exists a localizing function 'N � 1

on ! and in C1
0 . Q!/ with

jD˛'N j � .C=d/kC1N k; 8j˛j D k � 2N: (3.27)

And the construction of 'N is not difficult: one picks the characteristic function
of an intermediate open set ! 0 and N identical copies of a “bump” function of
support proportional to d=N but integral equal to 1 and convolves them all; high
derivatives may be distributed over the many copies of the bump function so that
only two, at most, need land on any one bump function.

Because of the the width of the support of these bump functions, one derivative
is proportional to N; and two derivatives proportional to N2 in the sup norm. More
concretely, we will write

'N D N .Nx=2d/ � 	 	 	 �N .Nx=2d/ � 

with N copies of N ;  a nonnegative smooth function of compact support in
the unit ball and integral equal to one and 
 the characteristic function of the
intermediate open set !:

The simplest subelliptic operator we are able to treat is built out of the left-
invariant vector fields on the real Heisenberg group:

Xj D @

@xj
� yj

2

@

@t
; Yj D @

@yj
C xj

2

@

@t
; T D @

@t
:
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And the operator in question is

P D
nX
1

X2
j C

nX
1

Y 2j D
2nX
1

Z2
j

(where each Z is an X or a Y and one may add first-order terms in the X ’s and Y ’s
at will).

Since these vector fields satisfy the Hörmander condition that they together with
their first brackets span the tangent space of R

2nC1; this operator is subelliptic with
loss of 1=2 derivative in the inner product sense, and clearly controls the elliptic
terms as well: for v 2 C1

0 ;

kvk21=2 C
2nX
1

kZj vk20 . j.P v; v/0j C kvk20;

or if we assume for the moment that our solution u is already known to be C1; we
may substitute v D .T p/'u and obtain

k.T p/'uk21=2 C
2nX
1

kZj .T p/'uk20 . j.P.T p/'u; .T p/'u/0j C k.T p/'uk20:

As before, we know a lot about .T p/'P u but not much about P.T p/'u; which
will require us to commute P with .T p/':

We are incredibly fortunate that the Heisenberg group commutation relations
among the Zj permit us to construct the remaining terms of .T p/' so that .T p/'
will commute well with P:

For starters, .T p/' must commute well with the Zj that make up P:

3.10.4 The Construction of .Tp/'

We have seen that we must control the bracket ŒXj ; 'T p C 	 	 	 �, where the : : : are
to be determined, with the property that each term has at least one derivative on ':

The first requirement is that

ŒXj ; 'T
p C 	 	 	 � D .Xj'/T

p C ŒXj ; : : :� not containing T p;

or, what is the same thing,

ŒXj ; : : :� D �.Xj'/ T k mod terms with at most T k�1:

If we start with k D 1; things simplify. A provisional choice is

.T 1/' D ' ı T �
X

.Xj'/ ı Yj (3.28)
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as an operator, i.e., (3.28) means

.T 1/'w D ' ı Tw � .Xj'/ ı Yjw;

for then we see rapidly that (always as operators)

ŒXk; .T
1/'� D �

X
j

.XkXj'/ ı Yj :

But of course, we will also encounter the bracket with Yk; and we have introduced
nothing to “kill” T when bracketed with Yk:

But the choice is not hard to find; namely, if we let

.T 1/' D ' ı Tw �
X
j

.Xj'/ ı Yj C
X
j

.Yj '/ ıXj ;

there is little change in the bracket with Xk; since the ŒXj ;Xk� are equal to 0, but
the additional terms perform the same miracle with Yk :

ŒXk; .T
1/'� D �

X
j

.XkXj'/Yj C
X
j

.XkYj '/Xj

and
ŒYk; .T

1/'� D �
X
j

.YkXj'/Yj C
X
j

.YkYj '/Xj :

We are tempted to say so far, so good, except that the above brackets may be
written, generically,

ŒZ; .T 1/'� D ' 00Z;

which is not so thrilling: starting from k'T uk21=2 we have arrived at k'00Zuk0:
To put the matter differently, since in the estimates the 1=2 Sobolev norm carries

the same weight as having a Z derivative, just appending additional powers of T
(without sophisticated localization) would give, in L2 norms,

kZ.T 1/'T `uk0 ! kZ' 00T `uk0 D kZ' 00T T `�1uk0;

where a “gain” of one power of T has “cost” two derivatives on '; but now the
' 00T on the right does not occur in the form of .T 1/'00 , which helped so much in
the first bracket, and as we saw above, without this special form we are led only to
the second Gevrey class G2 and not to G1:

Since it is the apparent trade of one power of T for two derivatives on ' that leads
to apparent defeat, a new interpretation of this “trade-off” was what saved the day.
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For if one tries to generalize the construction of .T 1/' in perhaps the only
reasonable way, namely,

.T 2/' D .T 1/'T C
X
i;j

.XiXj'/

2Š
YiYj �

X
i;j

.XiYj '/

1Š1Š
XjYi C

X
i;j

.YiYj '/XiXj

2Š

D .T 1/'T C
X
i;j

..�Xi/.�Xj /'/
2Š

YiYj

C
X
i;j

..�Xi/Yj '/
1Š1Š

XjYi C
X
i;j

.YiYj '/

2Š
XiXj

D
X

j˛jCjˇj�2

.�X/˛Y ˇ.'/
˛ŠˇŠ

ıXˇY ˛T 2�j˛j�jˇj ; (3.29)

we obtain the following very interesting commutation relations:

ŒX`; .T
2/'� � 0 mod

Z3'

2Š
ıZ2

and

ŒY`; .T
2/'� � .T 1/T ' ı Y` mod

Z3'

2Š
ıZ2;

where again, each occurrence of Z denotes a Z or a Y (or its negative).
In fact, now the obvious generalization

.T p/' D
X

j˛jCjˇj�p

.�X/˛Y ˇ.'/
˛ŠˇŠ

ıXˇY ˛T 2�j˛j�jˇj (3.30)

yields

ŒX`; .T
p/'� � 0 mod

ZpC1.'/
pŠ

ıZp (3.31)

and

ŒY`; .T
p/'� � .T p�1/T ' ı Y` mod

ZpC1.'/
pŠ

ıZp; (3.32)

as a straightforward shift of index argument shows.
Actually there are choices to be made even here, notably the order of X’s and

Y’s to the right and left of '; and each choice has advantages and disadvantages,
but we will settle on this choice. The fact that one cannot satisfy the bracket with
the X` and the Y` exactly (modulo pure Z’s) in fact led to an impasse that lasted
for quite a long time, and the beautiful principal error in brackets with Y` came as
a wonderful surprise and provided the essential clue that this construction might be
very powerful indeed. More difficult still will be brackets with functions, as we will
see below.
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3.11 The Role of Strictness

Given a set of real vector fields Xj ; Yk; with, for example, the property that the Xj
commute among themselves and the same is true for the Yj , j � n; in R

2nC1; with
a complementary vector field T; the matrix ci;j given by

ŒXi ; Yj � � ci;j T mod fXj g; fYkg

plays a crucial role. It is often known as the Levi matrix (especially in the case of
complex vector fields).

When the determinant of cij is nonzero, the structure is known as “nondegen-
erate,” when it is nonnegative definite, the structure is “pseudoconvex,” and when
it is positive definite, the structure is known as “strictly pseudoconvex,” all terms
originating from complex analysis.

The case we are studying initially has the matrix cij a multiple of the n � n

identity matrix. And the case in which the vector fields are those coming from the
Heisenberg group provide the simplest model.

We have already met, in the Baouendi–Goulaouic operator above, a case in
which, in some sense, one of the eigenvalues is identically equal to zero, and we
found that the operator is not real analytic hypoelliptic.

A more subtle situation occurs when the Levi form is weakly definite, such as
would be given by the vector fields in R

3,

QX D @

@x
� y3

3

@

@t
; QY D @

@y
C x3

3

@

@t
:

Here c11 D x2 C y2; which is positive definite except at the origin in .x; y/ and
nonnegative throughout, but the analysis becomes much subtler.

3.12 Treves’ Conjecture

For many years there has been a conjecture, shown consistent in many cases but not
proven, due to François Treves. We will not go into the full conjecture here, since it
goes deep into the symplectic geometry of the characteristic variety of the operator
and this book is about positive results, but we shall give some examples and give the
conjecture in easy cases.

The conjecture may be most easily stated in terms of a set of real vector fields
Xj D Xj .x;D/ D Pn

kD1 ajkDk;Dk D 1
i
@
@xk
; in R

n; with corresponding symbols
�j .x; �/ D Pn

kD1 ajk�k :
The characteristic set of fX1; : : : ; Xmg is given by

Char.X1; : : : ; Xm/ D f.x; �/ W �j .x; �/ D 0; � ¤ 0; 8j g:
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It is the disjoint union of “strata” †j ; each of which is a real analytic manifold
on which the symplectic form has constant rank and on which the Poisson brackets
up to a length rj vanish, but at each point of †j there is a bracket of length rjC1
that does not vanish.

The actual construction consists in looking at the connected real analytic com-
ponents of Char.X1; : : : ; Xm/ on each of which the symplectic form has constant
rank.

On each of these components, one looks at the iterated Poisson brackets of
the symbols of the fXj g and breaks up the component into a disjoint union of
subcomponents on which the length of Poisson brackets required to obtain a nonzero
function is constant. Those for which the length is r constitute the stratum of depth r:

Each of the subcomponents is treated in the same way.
In the end, one arrives at a (finite!) collection (because of the Hörmander property

of the vector fields) of real analytic connected manifolds on which the symplectic
form and the Poisson “depth” are constant.

Treves’ conjecture is that an operatorP D P
X2
j should be analytic hypoelliptic

if and only if each stratum is symplectic, which means that the symplectic form is
nondegenerate on each stratum.

3.12.1 A Particular Case

In a particular case that models the operator D2
1 C x21D

2
2 C x41D

2
3 , the conjecture

becomes a bit simpler. Everything in this section is microlocal, i.e., taken near
.x0; �0/ 2 T �R3:

The assumptions for this section are that in R
3;

P.x;D/ D
3X

jD1
X2
j .x;D/;

and:

(A1) The operator P satisfies the Hörmander Lie algebra condition and hence is
C1 hypoelliptic.

(A2) The characteristic set †0 of P;

†0 D f.x; �/ W Xj .x; �/ D 0 8j g;

is an analytic symplectic submanifold of T �
R
3 n 0:

(A3) The vector fields Xj are linearly independent.
(A4) Define

†1 D f.x; �/ 2 T �
R
3 n 0 j .x; �/ 2 †0; fXi ;Xj g.x; �/ D 0;8i; j g;
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and in general, let I D .i1; : : : ; ik/, ij 2 f1; 2; 3g, for j D 1; : : : ; k. Writing
jI j D k; we denote by XI the iterated Poisson bracket

XI D fXi1; fXi2; : : : ; fXik�1
; Xik g : : :gg

of the vector fields Xj , j D 1; 2; 3; set

†h D f.x; �/ 2 T �
R
3 n 0 j .x; �/ 2 †h�1; XI .x; �/ D 0

for every index I such that jI j D hg:

Assume that each of the †j is an analytic submanifold.

Then the conjecture, in this setting, says that P should be analytic hypoelliptic if
and only if each of the (nonempty)†j is symplectic.

In particular, the operator

PG D D2
x1

C x2k1 D
2
x2

(3.33)

has †0 D f�1 D x1 D 0g (since � ¤ 0 and �1 D x1�2 D 0 H) �1 D x1 D 0) and
also all †` D †0 for ` < k: These are all symplectic, and the operator PG is known
to be analytic hypoelliptic.

But by contrast, the Baouendi–Goulaouic operator (see below),

PBG D D2
x1

CD2
x2

C x21D
2
x3
;

has †0 D f.x; �/ W x1 D �1 D �2 D 0g, which is not a symplectic submanifold
of TR

3.
Together with A. Bove, we have examined numerous examples in the light of the

conjecture, with results consistent with the conjecture, and have a further conjecture
on the Gevrey regularity and sharp Gevrey regularity index for similar operators in
terms of the first k for which†k is not symplectic and the first ` for which †` D ;;
but the conjectures remain open in general.

3.13 Counterexamples in the Complex Domain

Before getting too enthusiastic over these methods, we need to remind the reader
that in fact there are subelliptic sums of squares of real vector fields that are not
analytic hypoelliptic. The Baouendi–Goulaouic example is the simplest of these,
and in fact can be cast in the context of �b for a pseudoconvex, but not strictly
pseudoconvex, domain.
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The following argument, inspired by one due to G.B. Folland (private communi-
cation), shows how the sum of real vector fields can arise from complex analysis.
In C

2; consider the Heisenberg group vector fields fLH;LH g in fz1;w1g together
with a flat piece

LF D @z2 :

Then a brief calculation gives

1

2

˚
LHLH C LHLH

� D @2z1z1 C jz1j2@2<w1 C @�1@<w1 ;

where

@�1 D x1@y1 � y1@x1 ; z1 D x1 C iy1:

Thus

1

2

˚
LHLH C LFLF C LHLH CLFLF

�
D @2z1z1 C jz1j2@2<w1 C @�1@<w1 C @2x2 C @2y2

D @2x1 C @2y1 C x21@
2<w1 C y21@

2<w1 C @�1@<w1 C @2x2 C @2y2 :

But on functions independent of y1 and then evaluated at y1 D 0; @�1 D 0; and
hence on functions independent of y1 and y2 and then evaluated at y1 D 0;

1

2

˚
LHLH C LFLF C LHLH C LFLF

� D @2x1 C x21@
2<w1

C @2x2 ;

the operator of Baouendi and Goulaouic (in the real domain).

3.14 AHE for D2
x1

C x2k
1

D2
x2

(No .Tp/' Needed!)

We conclude this chapter with a simple situation in which analytic hypoellipticity
has been known for some time, namely that of D2

x1
C x2k1 D

2
x2

, which we will write
as PG D D2

x C x2kD2
y for simplicity.

Admitting that it suffices to bound powers of the given vector fieldsDx and xkDy

on a solution u to PGu D 0 (using Cauchy–Kovalevskaya to find an inhomogeneous
solution to a given inhomogeneous problem and then taking the difference, using the
linearity ofPG) inL2 norm and that for x ¤ 0 the operator is elliptic, so localization
in y alone is required, we write, with Z D Dx or xkDy;
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kDx'.y/D
p
y uk2 C kxkDy'.y/D

p
y uk2

� j.PG'.y/Dp
y u; '.y/Dp

y u/j D j.ŒPG; '.y/Dp
y �u; '.y/D

p
y u/j

� j.xk'0xkDyD
p
y u; 'Dp

y u/j C j.xkDyx
k' 0Dp

y u; 'Dp
y u/j

. s:c:kxkDy'D
p
y uk2 C `:c:kxk' 0DyD

p�1
y uk2:

Thus except for the order of ' 0 and Dy in the last term, a phenomenon we will
deal with later, and inverting the order clearly will produce ' 00 with the order of
Dy decreased by one more etc.; except for this, the order of differentiation has
dropped by one and the number of derivatives on ' increased by one. At this point
one may bring the localizing function out of the norm and introduce another, which
moves from being equal to 1 to being 0 in a band of width C=p; or use special
functions, described below, that can absorb up to p derivatives and grow as if they
were analytic. In either case, iteration leads toCppp orCppŠ; i.e., analyticity (in y).

In x;we are led back toDy derivatives as well as lots of derivatives on ' (or many
'’s with nested supports as mentioned above):

kDx'.y/D
p
x uk2 C kxkDy'.y/D

p
x uk2

� j.PG'.y/Dp
x u; '.y/Dp

x u/j D j.ŒPG; '.y/Dp
x �u; '.y/D

p
x u/j

D j.Œx2kD2
y;D

p
x '�u; 'D

p
x u/j

. 2kpj.xk�1Dx'D
p�2
x Dyu; xkDy'D

p
x u/j

Cj.xkDx'
0Dp�1

x u; xkDy'D
p
x u/j C l:o:t:

. ! 	 	 	 ! s:c:.LHS/ C `:c: C pp p=2k'Dp=2
y uk2 C `:c: C pk'.p/uk2:

But we have seen that y-derivatives grow analytically, whence

kDx'.y/D
p
x uk2 C kxkDy'.y/D

p
x uk2 . CpC1pp . CpC1pŠ ut



Chapter 4
Full Proof for the Heisenberg Group

4.1 The Model Operator

The simplest case in which the operator .Tp/' provided a breakthrough came from
the so-called left invariant vector fields on the Heisenberg group.

One need not know anything about the Heisenberg group to write down these
vector fields, as we have done above: for j � n;

Xj D @

@xj
� yj

2

@

@t
; Yj D @

@yj
C xj

2

@

@t
; T D @

@t
:

Actually, via the change of variables Qxj D xj ; Qyj D yj ; Qt D t � 1
2

P
xj yj ;

these fields are transformed into the fields

Xj D @

@xj
� y

@

@t
; Yj D @

@yj
; T D @

@t
I (4.1)

We shall use the fields in this form from now on. The operator in question is

P D
nX
1

X2
j C

nX
1

Y 2j D
2nX
1

Z2
j ;

where each Zj is either Xj or Yj ; and we could as well write

�P D
nX
1

X�
j Xj C

nX
1

Y �
j Yj D

2nX
1

Z�
j Zj ;

since here Z�
j D �Zj ; and in general, for real vector fields, they will differ by a

smooth function.

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 4, © Springer Science+Business Media, LLC 2011
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As we have seen, this operator is subelliptic with loss of 1=2 derivative in the
inner product sense, and clearly controls the “elliptic” terms as well: for v 2 C1

0 ;

kvk21=2 C
2nX
1

kZj vk20 . j.P v; v/0j C kvk20: (4.2)

4.1.1 T Derivatives

We assume for the moment that our solution u is already known to be C1; and
taking any localizing function '; we may take v D .Tp/'u as above:

.Tp/' D
X

j˛jCjˇj�p

.�X/˛Y ˇ.'/
˛ŠˇŠ

ıXˇY ˛T 2�j˛j�jˇj

k.Tp/'uk21=2 C
2nX
1

kZj .Tp/'uk20 . j.P.Tp/'u; .Tp/'u/0j C k.Tp/'uk20:

A frequent complication comes from the position of a Z in the norm, and things
become a bit more symmetric and simpler below if we introduce additional terms
on the left, to make a more symmetric formulation with regard to the placement
of the Zj :

Namely, we will add
P2n

1 k.Tp/'Zj uk20; which differs from the terms already
there by a simple bracket, discussed in (3.31) and (3.32) above. Defining a more
symmetric “norm” leads to the following definition.

Definition 4.1.

skZ.Tp/'uk0 D
X
j

kZj .Tp/'uk0 C
X
j

k.Tp/'Zj uk0:

We have, suppressing summations and indices,

k.Tp/'uk21=2 C skZ.Tp/'uk20 . j.P.Tp/'u; .Tp/'u/0j C k.Tp/'uk20: (4.3)

Now we must commute P with .Tp/' to obtain .Tp/'P u; which is known, but
the error we commit in doing so will be denoted be jEj; where, writing A D .Tp/'
for the moment and A0 D .T p�1/'0 ;

E D .PAu;Au/0 � .AP u;Au/0 D .ŒP;A�u;Au/0

D .ZŒZ;A�u;Au/0 C .ŒZ;A�Zu;Au/0

� .A0Zu; ZAu/0 C .A0Zu; ZAu/0

CCp

�
'.pC1/

pŠ
Zpu; ZAu

�
0

C Cp

�
'.pC1/

pŠ
ZpC1u;Au

�
0

;
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since here Z D �Z�; and hence

jEj . s:c:skZ.Tp/'uk20 C `:c:skZ.T p�1/'0 uk20 C `:c: C p
s
����Z'

.pC1/

pŠ
Zpu

����
2

0

:

In all, then,

k.Tp/'uk1=2 C skZ.Tp/'uk0

. k.Tp/'P uk0 C skZ.T p�1/'0uk0 C k.Tp/'uk0 C Cp
s
����Z'

.pC1/

pŠ
Zpu

����
0

:

(4.4)

We want to iterate this estimate, with p decreasing each time until p D 0: If we
assume Pu D 0 for simplicity only in this iteration, we obtain

k.Tp/'uk1=2 C skZ.Tp/'uk0

. CpfskZ'.p/uk0 C k'.p/uk0g C
X
`�p

C p
s
����Z'

.pC1/

`Š
Z`u

���� : (4.5)

4.1.2 Z Derivatives

In the previous section we reduced the estimation of T derivatives to the considera-
tion of pure Z derivatives. As we will see, these will lead back to T derivatives, but
only half as many, permitting us to finish the proof.

Let  have compact support, and consider what happens when we bracket a Z
with a large number of Z’s:

ŒZ;Zq� D q TZq0

; q0 � q � 1; (4.6)

meaning that there will occur at most q terms of the form TZq0

with q0 � q � 1;

since the isolated Z might be, for example, X; and all the other Z’s might be Y ’s
or, at the opposite extreme, they could all be X ’s, in which case there would be no
terms containing T:

The a priori estimate (3.24), with v D  Zqu; then yields

k Zquk21=2 C
2nX
1

kZj Zquk20 . j.PZq u;  Zqu/0j C k Zquk20

D j. ZqP u;  Zqu/0j C k Zquk20 C E;

(4.7)
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since Z� D �Z: Writing B D  Zq; B1 D  0Zq�1; and B2 D qT 0Zq�2, so that
ŒZ;B� D ZB1 CZB2; we obtain

E D .PBu;Bu/0 � .BP u;Bu/0 D .ŒP;B�u;Bu/0

D .ZŒZ;B�u;Bu/0 C .ŒZ;B�Zu;Bu/0

D .ŒZ;B�u; ZBu/0 C .ŒZ;B�Zu;Bu/0

D .fZB1 CZB2gu; ZBu/0 C .fB1 C B2gZu; ZBu/0:

Again, with the symmetric norm,

skZB�uk D kZB�uk0 C kB�Zuk0;

which introduces an error with q reduced by one and one derivative on  ; and
nothing else. Thus we have

k Zquk1=2 C skZ Zquk . k Zq�1P uk0 C skZ 0Zq�1uk C q skZ Zq�2T uk;
(4.8)

where the second term on the right may include a term in which  is not
differentiated (a milder term).

So two kinds of things may happen: a Z may differentiate  ; or two Z’s may
create a q and a T: We will iterate this estimate until there are no more free Z’s.
The first time we obtained the factor q; and q is reduced by two; the next time will
produce the factor q � 2 (or less) etc., but the only effective constant to capture
this is qm, since there are m terms, the largest of which is q: Later the distinction
between factorials and powers of p will become important, but not at this moment.

We arrive at

skZ Zquk0 . Cq sup
rC2m�q

qm
˚k .r/T mZq�2m�rP uk0 C k .r/T muk0

�
; (4.9)

or, if we take Pu D 0;

skZ Zquk0 . Cq sup
rC2m�q

k .r/T muk0
mŠ

; (4.10)

while (4.5) is, again,

k.Tp/'uk1=2 C skZ.Tp/'uk . Cp sup
`�p

s
����Z'

.pC1/

`Š
Z`u

���� : (4.11)
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4.2 The End of the Proof for the Heisenberg Group

To conclude the proof (with Pu D 0), the above estimates telescope, especially if
we make the observations that .Tp/' D Tp where ' � 1;

kTpukL2.f'�1g/ � kjZ.Tp/'ukj C k.Tp/'uk1=2 . sup
q�p

C p
s
����Z'

.pC1/

qŠ
Zqu

���� ;
skZ Zq uk0 . Cq sup

rC2m�q
qmk .r/T muk0: (4.12)

Note that we cannot allow comparisons between j Š and Nj involving only Cj :

But if we are permitted CN ; all comparisons are permitted: taking jth roots and
dividing through by j shows at once that

Nj � CNj Š; j � N:

Since there are many choices involved here, for example the order of differentia-
tion and localization, we should note that even comparing T m .r/ with expressions
in which all the derivatives are on the right is not hard:

T m .r/ D
X
j�m;r

 
m

j

! 
r

j

!
j Š .rCj /T .m�j /;

and hence the right-hand side of (4.12) remains unchanged if the derivatives are
placed to the left of  , though with a different constant. Thus, symmetrizing things
a bit between p and q by associating the factorial with the power of T yields

kTpukL2.f'�1g/
pŠ

� Cp sup
q�p

kjZq '
.pC1/

pŠ
ukj

qŠ
� Cp sup

rC2m�q�p
qm

k'.pCrC1/

pŠ
T muk

qŠ
;

or

kTpukL2.f'�1g/
pŠ

. Cp sup
rC2m�q�p

qmmŠ

pŠqŠ
k'.pCrC1/kL1

kT mukL2. supp '/

mŠ

. Cp sup
rC2m�q�p

qmmŠNpCrC1

pŠqŠ

k'.pCrC1/kL1

NpCrC1
kT mukL2. supp '/

mŠ

. Cp sup
rC2m�q�p

k'.pCrC1/kL1

NpCrC1
kT mukL2. supp '/

mŠ
; (4.13)
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since for p � N; under the conditions of the supremum,

qmmŠNpCrC1

pŠqŠ
. Cp: (4.14)

The crucial observation here is that the number of T derivatives on the right is at
most half the number that we started with. We need to introduce a new localizing
function,'1; at this point, but it will never need to receive more than p=2 derivatives.

The next iteration will start with estimating up to p=2 derivatives, and lead
eventually to the introduction of a third localizing function, '2; which will need
to be able handle at most p=4 derivatives, etc; in other words, if we start with the
aim of estimating N D N0 derivatives in T (and in Z along the way), we will need
at most log2 N0 localizing functions, the first identically equal to 1 in !0, where we
hope to prove analyticity of the solution, each identically 1 on the support of the
previous one, and all supported in the open set e!; where we assume that the given
data are analytic.

If we denote these by 'j D 'ŒNj �; j � log2 N; and the corresponding open sets
by !j if we need to refer to them, with distance dj between the closure of !j and
the complement of !jC1; then if we permit at most Nj derivatives on the localizing
function 'j ; each derivative will contribute a factor CNj=dj D .CN=2j /=dj ; and
so we will have a constant independent of N such that

jDk'j j .
�

CN=2j

dj

�k
; k � 2Nj D 2N=2j :

We will write d0 for the separation between the interior of the first and the exterior
of the last of the open sets e! D !log2 N0 :

It would be tempting to set dj D d0=2
j ; so that each derivative would contribute

the factor CN no matter which band or shell we were in. We shall see, however, that
this will not work, and we will have to be more careful in our choice of dj :

In the last estimate above (4.13) of course we might not want to use the next ';
since we want m to be comparable to Nj for the 'j that we use in order that the mŠ
in the denominator will be strong enough to balance as many as m derivatives on
the new localizing function.

But as long as we always do this, the analysis above will apply equally well to
any 'j in place of '; and Nj in place of N; although the crucial terms in (4.13) will
require the bounds (4.14) at level j:

More explicitly, since this will lead us to the condition we need on dj ; let’s
write down the corresponding estimates and conditions in the particular case that
the supremum on the right occurred for m � N` having started with p � N0: Then
we have first of all

kTpukL2.f'�1g/
pŠ

. CN0 sup
rC2m�q�p

k'.pCrC1/
0 kL1

N0
pCrC1

kT mukL2. supp '0/

mŠ
(4.15)
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and then

kT mukL2.f'`�1g/
mŠ

. CN` sup
QrC2 Qm�Qq�m

k'.mCQrC1/
`

kL1

N`
mCQrC1

kT QmukL2. supp '`/

QmŠ ; (4.16)

since now form � N`; under the conditions of the new supremum,

Qq Qm QmŠN`mCQrC1

mŠ QqŠ . Cm; (4.17)

just as we had p � N under the conditions of the first supremum,

qmmŠNpCrC1

pŠqŠ
. Cp: (4.18)

It is very tempting to think that since the localizing function '` behaves in nearly
the same way that '0 did - derivatives bounded by powers ofNj=dj ; that the method
would not lead to the desired bounds, for with dj taken to be d0=2j ; in the end we
would have just powers of CN0; which would not cancel the Nj which are present
in the quotient

k'.mCQrC1/
` kL1

N`
mCQrC1 : (4.19)

But suppose we ignore this seeming hitch, and continue to iterate (4.15) and
(4.16). With dj D d0=2

j ;Nj D N0=2
j ; we wind up with

kTpukL2.f'�1g/
pŠ

�
log2 N0Y
jD1

CNj .2j /
N0

2j kukH1. Q!/ � CN0

0
@log2 N0Y

jD1
.2j /

1

2j

1
A
N0

kukH1. Q!/;

(4.20)

since

k'.mCQrC1/
` kL1

N`
mCQrC1 �

�
CN0=2

`

d0=2`

�mCQrC1

.N0=2`/mCQrC1 � .C2`=d0/
mCQrC1

with Qr CmC 1 � 2N0=2
`:

But in (4.20) the large parenthesis is bounded by a universal constant; hence the
whole right-hand side is bounded by CN0kukH1. Q!/, which leads to

kTpukL2.f'�1g/
pŠ

� CN0kukH1. Q!/; (4.21)

or
kTpukL2.f'�1g/ � CN0pŠkukH1. Q!/; (4.22)

which implies analyticity, since N0 � p:





Chapter 5
Coefficients

5.1 How Special Is the Heisenberg Model?

The model operator studied above, a constant-coefficient quadratic expression in
the left-invariant vector fields from the Heisenberg group, suggests two kinds of
generalizations: variable-coefficient expressions in these vector fields and variable-
coefficient expressions in smooth vector fields whose bracket relations and span
resemble those of the Heisenberg group vector fields.

Fortunately, in the generality we are going to study first, this second gener-
alization is a non-generalization, thanks to the celebrated theorem of Darboux.
The Darboux theorem states that any collection of 2n � 2 smooth vector fields
in R

2n�1 whose characteristic variety is symplectic (i.e., the exterior derivative of
the one-form ! defining the span of the vector fields is non-degenerate) then in
suitable coordinates the vector fields may be written as (a smooth, invertible) linear
combination of the Heisenberg group vector fields.

It follows that to allow such vector fields is not necessary if one can treat variable-
coefficient operators built of the Heisenberg group fields.

And clearly the estimates we have worked with are stable under taking invertible
linear combinations of the vector fields.

When one introduces (smooth) coefficients in the operator, the situation becomes
more complicated. For now, the operator will be written (at least the principal part)

P D
nX

j;kD1
aj;kZ

�
j Zk D �

nX
j;kD1

aj;kZjZk:

The vector fields will still be from the Heisenberg group as above, but as noted
above, the coordinate change

t D Qt C 1

2

X
Qxj Qyj ; xj D Qxj ; yj D Qyj

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
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transforms the vector fields fXj ; Yj ; T g to have the form

Xj D @

@ Qxj � Qyj @
@Qt ; Y D @

@ Qyj ; ŒXj ; Yk� D ıjk
@

@Qt D QT D T: (5.1)

The reason that we do this is that now the fields have a sort of commutation
property that the original fields did not have:

XY �� D Y ��Qx � QyY ��Qt : (5.2)

That is, while of course ŒX; Y � � ¤ 0 in general, the derivatives from X may be
passed onto the function � if we may leave an additional function (here Qy) with the
function � (on its right). We will henceforth drop the tildes.

Thus in addition to the brackets we have considered above, we will need to
consider brackets of errors of .T p/' with these coefficients. The formulas that
follow will not be simple, but I trust you will agree that they cannot be avoided.
They will have a logic that will become clear as we work with them.

And it turns out that working with the a priori estimate in norm form, not inner
product, simplifies the construction and calculations.

5.2 Rigid Coefficients: T Derivatives

We start, however, with the calculations when the coefficients are independent of the
variable t; a situation called “rigid” in the literature. Letting the coefficients depend
on t complicates the calculations significantly, so we will reserve it for the next
section.

For rigid coefficients, we have

Œ.T p/'; a�u D
2
4 X

j˛jCjˇj�p

.�X/˛Y ˇ.'/
˛ŠˇŠ

XˇY ˛T 2�j˛j�jˇj ; a

3
5 u

D
X
˛Cˇ�p

˛1�˛;ˇ1�ˇ

1�j˛1Cˇ1j

 
˛

˛1

! 
ˇ

ˇ1

!
.Xˇ1Y ˛1a/ ı

ı .�X/
˛Y ˇ.'/

˛ŠˇŠ
Xˇ�ˇ1Y ˛�˛1T p�j˛j�jˇju

D
X
˛Cˇ�p

˛1�˛;ˇ1�ˇ

1�j˛1Cˇ1j

.Xˇ1Y ˛1a/

˛1Šˇ1Š
ı ..�X/

˛1.�X/˛�˛1Y ˇ�ˇ1 .Y ˇ1'//
.˛ � ˛1/Š.ˇ � ˇ1/Š

�Xˇ�ˇ1Y ˛�˛1T p�j˛1Cˇ1j�j˛�˛1Cˇ�ˇ1 ju: (5.3)
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We will take ˛1 and ˇ1 as parameters here, and note that this expression is almost
equal to X

˛Cˇ�p
˛1�˛;ˇ1�ˇ

1�j˛1Cˇ1j

.Xˇ1Y ˛1a/

˛1Šˇ1Š
.T p�j˛1Cˇ1j/.�X/˛1Y ˇ1'u;

which would be lovely if exactly true.
The problem is that the extra .�X/˛1 derivatives on '; ˛1 of them, are

in the wrong place in (5.3), and moving them directly onto ' would produce
brackets between .�X/ and Y; yielding powers of T; harmless in themselves, but
simultaneously decreasing the value of ˇ�ˇ1; which is definitely not harmless, for
that quantity occurs in three other places in the formula and the balance would be
badly thrown off.

But I invite the reader to consider just one of these apparently extra .�X/
derivatives. The change of variables we have employed above in (5.1) makes two
nice things happen that permit us to deal with the poorly placed .�X/:

Namely, we split .�X/ into two parts: the @=@x part, which may “slide” directly
onto '; and the y@=@t part, and here we leave the function y where it is, to the
left of everything, but pass the @=@t derivative onto ' as well, since @=@t commutes
with everything, and in any case, the vector fields themselves are rigid even if the
coefficients are not, a fact we shall use in the non-rigid-coefficient case in the next
section.

So we may write (5.3) as

Œ.T p/'; a� D
X
˛Cˇ�p

˛0

1�˛1�˛;ˇ1�ˇ

1�j˛1Cˇ1j

.Xˇ1Y ˛1a/

˛1Šˇ1Š
ı y˛0

1
..�X/˛�˛1Y ˇ�ˇ1.Dj˛1 jY ˇ1'//

.˛ � ˛1/Š.ˇ � ˇ1/Š

�Xˇ�ˇ1Y ˛�˛1T p�j˛1Cˇ1j�j˛�˛1Cˇ�ˇ1 ju; (5.4)

or

Œ.T p/'; a�u D
X

1�j˛1Cˇ1j�p
˛10 �˛1

y˛12
.Xˇ1Y ˛1a/

˛1Šˇ1Š
.T p�j˛1Cˇ1j/'.˛1Cˇ1/u; (5.5)

and we notice that the additional derivatives on ' are balanced by the drop in
exponent of .T p/':

We encourage the reader to absorb this process here, since it will occur in more
complicated form when we consider nonrigid coefficients and pseudodifferential
coefficients below.

If we permit ourselves to confuse multi-indices and ordinary indices, and up to
constants to the power of the index they are comparable, we may write this last
expression as

Œ.T p/'; a�u �
X
1�r�p
s�r

ys
a.r/

rŠ
.T p�r /'.r/u: (5.6)
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The intuitive sense in this expression, which one can certainly not gainsay,
is that the degree has decreased by at least one, with the corresponding passing
to the localizing function, and some powers of y; and when measured in L2 norm,
the powers of y will come out bounded by 1; and the derivatives on a divided by rŠ
bounded by C r; so that

��Œ.T p/'; a�u��0 .
X
1�r�p

C r
��.T p�r /'.r/u

��
0
: (5.7)

5.3 Our Estimates and How We Use Them

To keep things in one place, we recall (5.8), (5.9), the results of brackets with the
vector fields:

ŒX`; .T
p/'� � 0 mod

ZpC1'
pŠ

ıZp (5.8)

and

ŒY`; .T
p/'� � .T p�1/'0 ı Y` mod

ZpC1'
pŠ

ıZp: (5.9)

These are clearly the relations that will permit us to iterate the a priori estimate
with control on the terms.

But first we will collect the a priori estimates in the forms in which we have
found they work most simply: that without inner products at all solves nearly every
situation, but eventually we will need the inner product version as well.

In the model case in the previous chapter, we have dealt with the position of the
vector fields Z needed for the estimates by symmetrizing the norms, and denoted
these by sk:k. Rather than continue to use these norms now, we will simply not worry
about the precise position of the Z’s in a norm, since we know how to evaluate the
bracket of Z with .T p/'; and so for now we will use “norms” where it makes no
difference: all positions are present. However, and this is important, we will continue
to use a norm notation. Thus��Z2.T p/'w

��
0

stands for
��Z2.T p/'w

��
0
;
��Z.T p/'Zw

��
0

or
��.T p/'Z2w

��
0

(5.10)
or a sum of all three, and likewise��Z.T p/'w

��
0

stands for
��Z.T p/'w

��
0

or
��.T p/'Zw

��
0
; (5.11)

and, perhaps most potentially ambiguously,
����Z2

'.a/

bŠ
ZrT sw

����
0

stands for

����Z2
'.a/

bŠ
ZrT sw

����
0

;

����Z'
.a/

bŠ
ZZrT sw

����
0

; or

����'
.a/

bŠ
Z2ZrT sw

����
0

; (5.12)
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and

����Z'
.a/

bŠ
ZrT sw

����
0

stands for

����Z'
.a/

bŠ
ZrT sw

����
0

or

����'
.a/

bŠ
ZZrT sw

����
0

:

The reason we feel this is both effective and safe is that these terms differ by
terms of one of these forms but of lower order in a way we will quantify, and which
will appear on the other side of the inequality anyhow.

In exchange for this flexibility of the position of Z derivatives, we pay a small
price, namely in bounds for Z2.T p/'u we must include a term with p D 0 on the
right, in view of (3.31) and (3.32). Thus the estimates will read

��Z2.T p/'u
��
0

.
��P.T p/'u

��
0

C ��Z2.T p�1/'0 u
��
0

C Cp

����Z'
.pC1/

pŠ
Zpu

����
0

; (5.13)

��Z.T p/'u
��2
0

. j.P.T p/'u; .T p/'u/0j C ��Z.T p�1/'0 u
��2
0

C Cp

����'
.pC1/

pŠ
Zpu

����
2

0

;

(5.14)
��Z2'ZqT su

��
0

. kP'ZqT suk0 C ��Z2'.
0/Zq�1T su

��
0
; (5.15)

kZ'ZqT suk20 . j.P 'ZqT su; 'ZqT su/0j C ��Z'0ZqT su
��2
0
: (5.16)

This notation means that we may write, using (5.7), and now with the further
understanding that even the expressions involving Z’s are not sensitive to the
position of the leftmost twoZ’s, so thatZ2'w andZ'Zw; and 'Z2w; for example,
could be written in any of these ways.

Proposition 5.1.

ŒP; .T m/'�w D Œa; .T m/'�Z
2w C aŒZ2; .T m/'�w

D
X

1�r�m

a.r/

rŠ
.T m�r /'.r/Z2w C aZ.T m�1/'0Zw C CmZ

'.mC1/

mŠ
Zmw:

This proposition immediately yields the following:

Proposition 5.2.

��ŒP; .T m/'�w��0 .
��Œa; .T m/'�Z2w

��
0

C ��ŒZ2; .T m/'�w
��
0

.
X
1�r�m

C r
��Z2.T m�r /'.r/w

��
0

C Cm

����Z'
.mC1/

mŠ
Zmw

����
2

0

:

For later reference, we establish the estimates from using inner product norms,
even though for rigid coefficients this will not be needed:
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Proposition 5.3.

j.ŒP; .T m/'�u; .T m/'u/0j �
X
1�r�m

ˇ̌
ˇ̌�a.r/

rŠ
.T m�r /'.r/Z2u; .T m/'u

�
0

ˇ̌
ˇ̌

C j.aZ.T m�1/'0Zu; .T m/'u/0j

C Cm

ˇ̌
ˇ̌�Z'.mC1/

mŠ
Zmu; .T m/'u

�
0

ˇ̌
ˇ̌ ;

where in the first two terms on the right at most one of the Z’s in Z2 is actually
to the left of .T p/' , and it may be integrated by parts, modulo lower-order terms.
Bringing one Z to the left and integrating it by parts may introduce additional,
lower-order, errors, but still, in view of the analyticity of the coefficients a; this
yields the following:

Proposition 5.4.

j.ŒP; .T m/'�u; .T m/'u/0j � s:c:
��Z.T m/'u

��2
0

C `:c:
X

1�r�m
C r

��.T m�r /'.r/Zu
��2
0

C`:c: Cm

����Z'
.mC1/

mŠ
Zmu

����
2

0

:

Eventually, using the norm or the inner product estimates, the exponent m in
.T m/' will drop to zero, as in the last term above, and thus we need to study pure Z
and mixed derivatives.

5.4 Pure Z and Mixed Derivatives

To estimate pure Z derivatives, the situation is simpler except that two Z’s may
bracket to produce a T; or, of course, a Z may land directly on the localizing
function, and upon iteration one or the other of these will happen (or the Z’s will
land on P u; of course), until there are no more.

Proposition 5.5.

ŒP;  ZqT s�w �  Œa;ZqT s�Z2w C aŒZ2;  ZqT s�w

�
X

q0
�q;s0�s

1�q0
Cq0

 
q

q0

! 
s

s0

!
a.q

0Cs0/Z2 Zq�q0

T s�s0

w

C qaZ2 Zq�2T qC1w C aZ2 0Zq�1T sw C aZ2 
00

Zq�2T sw:

Thus we have the following result.
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Proposition 5.6.

kŒP;  ZqT s�wk0 .
�� Œa;ZqT s�Z2w

��
0

C ��ŒZ2;  ZqT s�w
��
0

. sup
q0

�q;s0�s

1�s0Cq0

qŠsŠ

.q � q0/Š.s � s0/Š
C q0Cs0
a

���Z2 Zq�q0

T s�s0

w
���
0

C q
��Z2 Zq�2T qC1w

��
0

C ��Z2 0Zq�1T sw
��
0

C
���Z2 

00

Zq�2T sw
���
0
:

So, using Proposition 5.6,

��Z2 ZqT su
��
0

. kP ZqT suk0 C
���Z2 .

0/Zq�1T su
���
0

. k ZqT sP uk0 C kŒP;  ZqT s�uk0 C
���Z2 .

0/Zq�1T su
���
0

. k ZqT sP uk0 C sup
q0

�q;s0�s

1�s0Cq0

qŠsŠ

.q � q0/Š.s � s0/Š
C q0Cs0
a

�
���Z2 Zq�q0

T s�s0u
���
0

C q
��Z2 Zq�2T qC1w

��
0

C ��Z2 0Zq�1T sw
��
0

C
���Z2 

00

Zq�2T su
���
0
;

where naturally the constant will depend on the (real analytic) coefficients.
That is, one of several things has happened:

• P and u are together, as P u; which is known, or
• q0Z’s have been gained with a factor of qŠ=.q � q0/Š.� qq

0

/, or
• one or two Z derivatives were gained by differentiating  , or
• two powers of Z were gained, producing a T and a factor of q:

Iteration of this estimate, as long as at least two Z’s remain, may replace Z’s by
half as many (new) T ’s. When there is at most one Z; we stop.

So we have, back in terms of L2 norms, since T D ŒZ;Z�; using (5.13) and
Proposition 5.6 and iterating,

��Z2T pu
��
L2.f'�1g/ C ��T pC1u

��
L2.f'�1g/ .

��Z2.T p/'u
��
0

.
��P.T p/'u

��
0

C ��Z2.T p�1/'0u
��
0

C Cp

����Z'
.pC1/

pŠ
Zpu

����
0

;

.
X
0�r�p

C rf��.T p�r /'.r/P u
��
0

C ��Z'.pC1/Zru
��
0
=rŠg (5.17)
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and

��Z2 ZqT b
��
0

. sup
q1C2q2Dq

C .q/qq2
���Z<2 .q1/T bCjq2 ju

���
0

C sup
q1C2q2�q

C jq2jqjq2 j
��� .jq1 j/Zq�q1�2q2T bCjq2 jP u

���
0
:

This last estimate may be iterated effectively as long as there remain two Z’s, at
which point we simply stop.

Consider what happens when P u D 0 (for simplicity). Then, since modulo Cp;

rŠ and pr are comparable, the circuit reads

��Z�2T pu
��
L2.f'�1g/ � Cp sup

p1C2p2�pC1
pp2 j'.p1CpC1/jL1

pp1C2p2
��Z�2T p2u

��
L2. supp '/;

or

��Z�2T pu
��
L2.f'�1g/ � Cp sup

p1C2p2�pC1
j'.p1CpC1/jL1

pp1

��Z�2T p2u
��
L2. supp '/

pp2
:

Yet again, more suggestively,

��Z�2T pu
��
L2.f'�1g/

pp
� Cp sup

p1C2p2�pC1
j'.p1CpC1/jL1

pp1CpC1

��Z�2T p2u
��
L2. supp '/

pp2
:

(5.18)

Now, ' was chosen with reference to p; our starting point. We will
switch to a new localizing function at this point, but in handling the quotient
j'.p1CpC1/jL1=pp1CpC1 well we realize that the next localizing function will
have to be chosen not only to be identically equal to one on the support of ' but
also linked to the remaining number of derivatives, p2; which is at most equal to
.p C 1/=2:

This will introduce a new quotient and so on, and the product of them all, clearly
at most log2 N of them, will need to be bounded by (another) universal constant
raised to the power p:

And of course when the supports of the 'j are lined up, starting with p D N; the
requirements on the 'j are:

• they must be nonnegative with integral equal to 1;
• denoting by dj the width of the band in which 'j drops from being � 1 to 0;

roughly dist. supp 'j ; . supp 'jC1/c/; then

X
dj D dist.!0; .!1/c/ D d � 1;

• 'j may receive as many as 2pj derivatives (
P
pj D N;pj � .pj�1 C 1/=2)

each roughly proportional to pj =dj in L1 norm,
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• in a worst-case scenario, iterating (5.18) log2 N times, we will find that (5.18) is
replaced by

��Z�2T pu
��
L2.f'�1g/

pp
�

log2 NY
jD1

C pj sup
p0

jC2p00

j �pjC1

ˇ̌
ˇ'.p0

jCpjC1/
ˇ̌
ˇ
L1

p
p0

jCpjC1
j

kukH2. supp '/:

Thus, if we iterate this last estimate, (5.18), log2 N times, starting originally with
p D N but starting the j th iteration with pj and 'j ; the ultimate estimate is

��Z�2T pu
��
L2.!0/

pp
� C

0
@ Y
2pj�pj�1C1

C pj sup
rj�2pjC1

ˇ̌
ˇ'.rj /j

ˇ̌
ˇ
L1

p
rj
j

1
A kukH2.!1/

: (5.19)

As above, in (4.20), (4.21), and (4.22), we find that we need not choose the pj and
'j in a delicate manner. Merely taking pj D N=2j and the ' supported in a band of
width d=2j will suffice to demonstrate analyticity, even though each derivative on
a localizing function still contributes a factor of N that does not behave well when
divided by p

rj
j :

The miracle is that in the product, dealing with terms whose powers decrease by
a factor of at least two each time, this effect goes away:

0
@log2 N0Y

jD1
.2j /

1

2j

1
A
N0

�
0
@ 1Y
jD1

.2j /
1

2j

1
A
N0

� CN0 ; (5.20)

even though 0
@log2 N0Y

jD1
.n/

1
n

1
A
N0

(5.21)

is not bounded by any constant raised to the power N0 uniformly in N0, since

log
1Y
jD1

.n/
1
n D

1X
1

logn

n

diverges.

5.5 Formal Observations

Rather than follow the cascade of terms down to the norm of u with only a couple
of derivatives, and to give a flavor of what will be required later, we could make just
one iteration of the a priori estimate and keep track of the size of the result and make
sure that we could iterate the estimate, or if we could not, describe what needed to
be done.
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In the rigid case this may seem silly, since in the expressions below several
combinations of the indices are and will remain equal to zero.

But in the nonrigid case they will need to be considered, and thus the reader is
encouraged to read this rephrasing of the rigid proof with an eye to the next section.

Here is the strategy. Given an expression of the sort we encounter, or a sum
of them, since after an application of an inequality we have a sum of terms, we
will try to systematize what happens to that expression under an application of the
inequality.

This will be schematized so that upon iteration, the expression becomes better
and better. And it is true that the order “drops,” yet in order to be able to continue
another time, we need to maintain a pair of Z’s. Eventually this will fail to be
the case, since the estimate, with Z2'ZT su; on the left, for example, will lead to
ŒP; 'ZT s�u; which will contain the term 'ZT sC1u where we must halt.

Where will we be when this occurs? We have addressed this question in a slightly
hand-waving kind of way above. Here we would like to formalize that argument, and
keep track of the terms that arise.

We will do many things at once. We will start with a rather general expression,
with variable coefficients, denoted by

G D
X
A

GA; D
X
A

FA.T
m/ .r/Z

qT su (5.22)

with each A D A.q;s;m;r/:

To formalize the idea that the order drops, we denote the “order” of this
expression by

jAj D q C s Cm D jGA; j < N; (5.23)

and for later use, will simultaneously keep track of an “anisotropic” order of A that
“permits” twoZ’s to generate a T in a special, and natral, fashion. To wit, we define

kAk D jAj C s D ��GA; �� ; (5.24)

which awards T derivatives double weight (though not in .Tp/':)
The only use to which we will put this double-bar norm is the following: if we

can keep applying the estimate over and over and find that the order (jAj) drops each
time while the double-bar order (kAk) does not increase, then if we were to start with
Z2T au to estimate in L2 norm in one open set (observe that .T a/' D T a in such
an open set if ' � 1 there, and then proceed with the estimate many times from
Z2.T a/'u) and reached a term where a had been reduced to zero (say as the “error”
ZZa0

; a0 � a) in brackets of .T a/' with Z) and continued to apply the estimate
until the terms no longer contained two Z’s, we would have only .Z/'.r/T Qa inside
the norm, we could conclude that Qa � a0=2 � a=2 by the property of double-
weighting free T derivatives in the overall passage from Z2.T a/' to .Z/'.r/T Qa
(again, T derivatives in .T a/' are not weighted doubly even in kAk).
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This means that if we start with nearly pure T derivatives in one open set and
come back to nearly pure T derivatives in this way, there will be at most half
as many.

Now there is another measure we need to introduce, and one that has a quirky
element.

In order not to have to keep track of all the constants that are generated in each
term using the estimate, we devise a measure of the size of the term(s) before and
after an application of the estimate. And we conclude that the size has not grown,
assuming that certain constants are well chosen relative to one another (this is a
method that the author has used many times before, but which is hardly original
with him).

Thus with G as immediately above,

kjGkjN D sup
A;supp . /

jFAjKm
0 K

q
1K

s
2N

jAjCrCm=mŠ; (5.25)

where K0;K1;K2 will be chosen later, large relative to other constants that enter
and subject to

K0 � K1 � K2 � 1: (5.26)

The flow will be to apply the a priori estimate repeatedly, as long as there are
at least two Z’s (3.11) or one Z (3.10), and track the behavior of the sizes of the
indicesA that enter, noting that jAj will decrease and kAk will not increase, roughly
speaking, and that the norms kjGkjN will also not increase. When the constants Kj

are subject to (5.26), a transfer of a derivative from .T m/ toZ (or T ) will introduce
a factorK1=K0 orK2=K0; both less than one, and when twoZ’s bracket to produce
a T , the factor will be K2=K

2
1 ; also less than one.

As long as q 	 2, we may use the a priori estimate optimally.
Thus we will start with pure powers of T; say p C 1 of them, and an open set !;

write one T as ŒZ;Z� and then pass to .T p/' with ' � 1 on a neighborhood of !:
This means estimating kT pC1ukL2.!/ � k.T p/'Z2uk, and we will study the effects
of the estimate on this initial

GA.2;0;p;0/ D .T p/'Z
2u; (5.27)

for which the norms are

jA.2;0;p;0/j D ��A.2;0;p;0/�� D p C 2 (5.28)

and
kjGA.2;0;p;0/kjN D K

p
0 K

2
1N

2pC2=pŠ: (5.29)

Proposition 5.7. The first iteration of the a priori estimate will yield terms

ŒP; .T p/'�u D Œf; .T p/'�Z
2 C f ŒZ2; .T p/'�
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with

Œf; .T p/'�Z
2u D

X
1�r�p
s�r

ys
f .r/

rŠ
.T p�r /'.r/Z2u D

X
1�r�p
s�r

ys
f .r/

rŠ
GA.2;0;p�r;r/DA1;r

(5.30)
with

��Œf; .T p/'�Z2u
��
0

�
X
1�r�p
s�r

����ys f
.r/

rŠ
GA1;ru

����
0

�
X
1�r�p
s�r

C r
f

��.T p�r /'.r/u
��
0

(5.31)

and

f Œ.T p/';Z
2�u � f .T p�1/'0Z2u C f

'.pC1/

pŠ
ıZpC1u

D f GA2.2;0;p�1;1/
C f GA3

.pC1;0;0;pC1/
(5.32)

with

��f Œ.T p/';Z2�u
��
0

�
���f GA2

.2;0;p�1;1/
u
���
0

C
���f GA3

.pC1;0;0;pC1/
u
���
0

� Cf
��.T p�1/'0Z2u

��
0

C Cf

����'
.pC1/

pŠ
ıZpC1u

����
0

; (5.33)

for which (with r 	 1)

jA1;r j D ��A1;r�� D 2C p � r;

jA2.2;0;p�1;1/j D
���A2.2;0;p�1;1/

��� D p C 1;

jA3.pC1;0;0;pC1/j D
���A3.pC1;0;0;pC1/

��� D p C 1;

kjs f
.r/

rŠ
GA1;r kjN D C r

f K
p�r
0 K2

1N
pC2Cp�r =.p � r/Š;

kjf GA2.2;0;p�1;1/
kjN D Cf K

p�1
0 K2

1N
pC2Cp�1=.p � 1/Š;

kjf GA3.pC1;0;0;pC1/
kjN D Cf K

pC1
1 NpC1CpC1=pŠ:

For s � N; we have
Ns�1=.s � 1/Š � Ns=sŠ: (5.34)

Thus all of the norms ofA have dropped, and the kj:kjN norms have not increased,
assuming that the relations between the Kj above are observed and all K are taken
large relative to Cf :
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Subsequent iterations will have small changes, but these illustrate the reason that
the formal norms are defined as they are. The above relations will be replaced by
those in the following proposition.

Proposition 5.8. In subsequent iterations of the a priori estimate we have, instead
of (5.31) and (5.33),

ŒP; .T p/'�u D Œf; .T p/'�Z
2 C f ŒZ2; .T p/'�

with

Œf; .T p�r /'.r/ �Z2u D
X

1�r0�p�r

s�r0

ys
f .r 0/

r 0Š
.T p�r�r 0

/'.rCr0 /Z
2u

D
X

1�r�p�r

s�r0

ys
f .r 0/

r 0Š
GA.2;0;p�r�r0 ;rCr0/DA1;rCr0 ; (5.35)

for which

��Œf; .T p�r /'.r/ �Z2u
��
0

�
X

1�r0�p�r

s�r0

�����ys
f .r 0/

r 0Š
GA1;rCr0 u

�����
0

�
X

1�r0�p�r

s�r0

C r0

f

���.T p�r�r 0

/'.rCr0 /Z
2u
���
0

(5.36)

and

f Œ.T p�r /'.r/ ; Z2�u � f .T p�r�1/'.rC1/Z2u C f Cp�r '.pC1/

.p � r/Š Z
p�rC1u

D f GA2.2;0;p�r�1;rC1/
C f GA3.p�rC1;0;0;pC1/

(5.37)

with

��f Œ.T p�r /'.r/ ; Z2�u
��
0

�
���f GA2

.2;0;p�r�1;rC1/
u
���
0

C
���f Cp�r GA3

.p�rC1;0;0;pC1/
u
���
0

� Cf
��.T p�r�1/'.rC1/Z2u

��
0

C Cf C
p�r

���� '
.pC1/

.p � r/Š
Zp�rC1u

����
0

; (5.38)
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for which (with r 	 1)

jA1;rCr 0 j D ��A1;rCr 0
�� D 2C p � r � r 0;ˇ̌

A2.2;0;p�r�1;rC1/
ˇ̌ D ��A2.2;0;p�r�1;rC1/

�� D p � r C 1;ˇ̌
A3.p�rC1;0;0;pC1/

ˇ̌ D ��A3.pC1;0;0;pC1/
�� D p � r C 1;

kjs f
.r 0/

r 0Š
GA1;rCr0 kjN D C r

f K
p�r�r 0

0 K2
1N

pC2Cp�r�r 0

=.p � r C �r 0/Š;

kjf GA2
.2;0;p�r�1;rC1/

kjN D Cf K
p�1
0 K2

1N
pC2Cp�r�1=.p � r � 1/Š;

kjf GA3
.p�rC1;0;0;pC1/

kjN D Cf K
pC1
1 NpC1Cp�rC1=.p � r � 1/Š:

Again we will use (5.34) to verify that these triple-bar norms have not increased,
and it is evident that the single and double-bar norms of A have behaved as before,
with jAj decreasing and kAk not increasing.

We should verify the fate of terms such as the last in (3.32) above when subjected
to the a priori estimate.

As long as q 	 2; we may treat the GA3
.p�rC1;0;0;pC1/

term again, and generi-

cally so:

Proposition 5.9.

ŒP; '.pC1/ T sZp�r�1�u

D Œf Z2; '.pC1/ T sZp�r�1� D f '.pC3/ T sZp�rC1u C 2f '.pC2/ T sZp�ru

C.p � r � 1/ f '.pC1/ T sC1Zp�r�1u

C
X

s0�s;r0�p�r�1

s0Cr0�1

 
s

s0

! 
p � r � 1

r 0

!
f .s0Cr 0/'.pC1/ T s�s0

Zp�r�r 0�1u

D f GA1
.p�r�1;s;0;pC3/

C 2f GA2
.p�r;s;0;pC2/

C .p � r � 1/f GA3
.p�r�1;s;0;pC1/

C
X

s0�s;r0�p�r�1

s0Cr0�1

sŠ.p � r � 1/Š

.s � s0/Š.p � r � r 0 � 1/Š
f .s

0Cr 0/

r 0Šs0Š
GA4

.p�r�r0�1;s�s0 ;0;pC1/
: (5.39)

Thus

��'.pC1/ T sZp�rC1u
��
0

� ��P'.pC1/ T sZp�r�1u
��
0

C ��'.pC1/ T sZp�ru
��
0

� ��'.pC1/ T sZp�r�1P u
��
0

C ��ŒP; '.pC1/ T sZp�r�1�u
��
0

C ��'.pC1/ T sZp�ru
��
0

and
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��ŒP; '.pC1/ T sZp�r�1�u
��
0

D ��Œf Z2; '.pC1/ T sZp�r�1�u
��
0

D
���f GA1

.p�r�1;s;0;pC3/
u
���
0

C
���2f GA2

.p�r;s;0;pC2/
u
���
0

C
���.p � r � 1/f GA3

.p�r�1;sC1;0;pC1/
u
���
0

(5.40)

C

�������
X

s0�s;r0�p�r�1

s0Cr0�1

sŠ.p � r � 1/Š

.s � s0/Š.p � r � r 0 � 1/Š
f .s0Cr 0/

r 0Šs0Š
GA4

.p�r�r0C1;s�s0 ;0;pC1/
u

�������
0

� Cf
��'.pC3/ T sZp�r�1u

��
0

C 2Cf
��'.pC2/ T sZp�ru

��
0

C .p � r � 1/Cf
��'.pC1/ T sC1Zp�r�1u

��
0

C
X

s0�s;r0�p�r�1

s0Cr0�1

sŠ.p � r � 1/Š

.s � s0/Š.p � r � r 0 � 1/ŠC
s0Cr 0

f

���'.pC1/ T s�s0Zp�r�r 0C1u
���
0
:

(5.41)

The norms behave as expected: with A D .p � r C 1; s; 0; p C 1/; jAj D p �
r C 1C s; kAk D p � r C 1C 2s; the j:j norms decrease, while the k:k norms do
not increase:

jA1j D p � r � 1C s < jAj; ��A1�� D p � r � 1C 2s < kAk;
jA2j D p � r C s < jAj; ��A2�� D p � r C 2s < kAk;
jA3j D p � r � 1C s C 1 < jAj; ��A3�� D p � r � 1C 2.s C 1/ D kAk;

and

jA4j D p� r � r 0 C 1C s� s0 < jAj; ��A4�� D p� r � r 0 C 1C 2.s� s0/ D kAk;
under the condition that r 0 C s0 > 0; while dividing by .p � r/Š; which is how these
occur, and noting that we started with kjGkjN D K

p
0 K

2
1N

2pC2=pŠ, we have

kjf GA1.p�r�1;s;0;pC3/
kjN=.p � r/Š D Cf K

p�r�1
1 Ks

2N
p�r�1CsCpC3=.p � r/Š;

which is bounded by Kp
0 K

2
1K

s
2N

2pC2Cs=pŠ, since Np�r =.p � r/Š � Np=pŠ; for
the usual choice of the Kj I

kj2f GA2
.p�r;s;0;pC2/

kjN=.p � r/Š D Cf K
p�r
1 Ks

2N
p�rCsCpC3=.p � r/Š
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which is bounded by Kp
0 K

2
1K

s
2N

2pC2Cs=pŠ as well, as just above,

ˇ̌̌̌ˇ̌
.p � r � 1/f GA3

.p�r�1;sC1;0;pC1/

ˇ̌̌̌ˇ̌
N

ı
.p � r/Š

D Cf .p � r � 1/Kp�r�1
1 Ks

2N
p�r�1CsC1CpC1=.p � r/Š;

which is also bounded by Kp
0 K

2
1K

s
2N

2pC2Cs=pŠ under the conventions on the Kj I
and finally,

sup
s0�s;r0�p�r�1

s0Cr0�1

ˇ̌̌̌ˇ̌ sŠ.p � r � 1/Š
.s � s0/Š.p � r � r 0 � 1/Š

C s
0Cr 0

f
'.pC1/T s�s0Zp�r�r 0C1 ˇ̌̌̌ˇ̌

N

.
.p � r/Š

D sup
sŠ.p � r � 1/Š

.s � s0/Š.p � r � r 0 � 1/ŠC
s0Cr 0

f
K
p�r�r 0C1
1 Ks�s0

2 N 2p�r�r 0C2Cs�s0..p � r/Š

� K
p
0 K

2
1K

s
2N

2pC2Cs=pŠ

for suitable Kj for the reasons discussed above.
All of this continues as long as we have two Z derivatives. For rigid coefficients,

brackets of P D f Z2 with .T m/' always retain at least two Z’s, but in the case
of nonrigid coefficients, can generate new Y ’s, as in Proposition 5.13 below, which
we merely touch upon here in order to show how a single Z can also be handled, a
situation that does not arise with rigid coefficients. For a subsequent bracket of Z2

with a single Y could produceZT; the feared case of a single Z:
For rigid coefficients, only when m becomes zero can all but one of the Z’s be

lost: the Z’s from P can differentiate '; leaving fewer Z’s, or one of them can
bracket with a Z from Zq to give a T and a large coefficient proportional to q; in
any case, all roads lead to norms of F'.Qr/.Z/T Qm; i.e., with at most one Z; and at
this point we build a new .T Qm/ Q' with a new localizing function Q', and then bring
F'.Qr/ out of the L2 norm.

But if we examine the restrictions imposed by kAk ; together with the kj 
 kj norm
behavior (nonincreasing), we find that in all cases, 2 QmC 1 � p C 1; Qr � 2p C 1;

and

kjF'.Qr/.Z/T QmkjN D sup jF jK0
0K1K

Qm
2 N

1C QmCQr

� K
p
0 K

1
1K

0
2N

1C2p=pŠ D kj.Z/.T p/'kjN :

This means that sup jF j � K
p
0 K

� Qm
2 N 2p� Qm�Qr =pŠ and hence that

��Z2T pu
��
L2.'�1/ � sup

2 Qm�p
Qr�2pC1

���F'.Qr/.Z/T Qmu
���
0

� sup
2 Qm�p

Qr�2pC1

K
p
0 K

� Qm
2

j'.Qr/j
N Qr N

2p� Qmu
���.Z/T Qmu

���
L2. supp '/

.
pŠ
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We have proved, since Np=pŠ � Cp for p � N; the following:

Proposition 5.10. For rigid coefficients in P; starting with pure T derivatives in
the form G D T pC1u in an open set ! leads immediately to two termsG D T pZ2u
in ! and then to G D .T p/'Z

2u with ' � 1 near !; and then, after at most p

iterations of the a priori estimate to terms without .T Qp
' /u and without increasing

kjGkjN but with p dropping to zero and kAk at most p but jAj � p=2 and q < 2

and thus
��Z�2T pu

��
L2.!/

N p
� sup

2 Qm�p
Qr�2pC1

C p j'.Qr/j
N Qr

��.Z/T Qmu
��
L2. supp '/

N Qm

This last line is equivalent to (5.18) above, and the argument concludes exactly
as it does there.

5.6 Nonrigid Coefficients

When the coefficients depend on t; the analysis becomes more complex (and
tedious). We have

Œ.T p/'; a�ZZu D
2
4 X

j˛Cˇj�p

..�X/˛Y ˇ'/ ıXˇY ˛T p�j˛Cˇj

˛ŠˇŠ
; a

3
5ZZu

D
X

j˛Cˇj�p
˛1�˛;ˇ1�ˇ

1�jCj˛1Cˇ1j

 
˛

˛1

! 
ˇ

ˇ1

! 
p � ˛ � ˇ

j

!
.Y ˛1Xˇ1T j a/

ı ..�X/
˛Y ˇ'/ ıXˇ�ˇ1Y ˛�˛1T p�j˛Cˇj�j

˛ŠˇŠ
ZZu

D
X

j˛Cˇj�p
˛1�˛;ˇ1�ˇ

1�jCj˛1Cˇ1j

 
p � ˛ � ˇ

j

!
.Y ˛1Xˇ1T j a/

˛1Šˇ1Š

� ..�X/
˛Y ˇ'/ ıXˇ�ˇ1Y ˛�˛1T p�j˛Cˇj�j

.˛ � ˛1/Š.ˇ � ˇ1/Š
ZZu:

Naturally the binomial coefficient contains a j Š in the denominator, which is
appropriate to offset and control the T derivatives of the coefficient a; which were,
however, missing in the rigid case. But the rest of the binomial coefficient also
contains j; and in the wrong form for the definition of .T p/'; whose balance is
quite precise and essential.
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But it turns out that there is a way to introduce parameters and rewrite the
binomial coefficient to yield a sum of balanced operators .T Qp/ Q' involving these
parameters in a harmless (if complicated) way.

With A D j˛1 C ˇ1j and B D j.˛ � ˛1/C .ˇ � ˇ1/j; we have [Fel]
 
p � .AC B/

j

!
D
X
t�j
t�jBj

 
p � A� t

j � t

!
.�1/t

 
B

t

!
(5.42)

and then  
B

t

!
D

X
j˛2Cˇ2jDt
˛2�˛�˛1
ˇ2�ˇ1

.˛ � ˛1/Š.ˇ � ˇ1/Š

t Š..˛ � ˛1/� ˛2/Š..ˇ � ˇ1/ � ˇ2/Š : (5.43)

Before we use the property (5.2) of the new vector fields to “commute” the “extra”
Y ˇ1 applied to T ˇ1'; may now be effectively moved to ' as in (5.2): letting

Q̨ D ˛ � ˛1 � ˛2; Q̌ D ˇ � ˇ1 � ˇ2;

as we must, since the new denominators become the internal indices, we obtain

Œ.T p/' ; a�ZZu

D X
j˛Cˇj�p
˛1�˛;ˇ1�ˇ

1�jCj˛1Cˇ1j

X
t�j
t�jBj

 
p � j˛1 C ˇ1j � t

j � t

!
.�1/t .Y

˛1Xˇ1T j a/

˛1Šˇ1Št Š

ı X
j˛2Cˇ2jDt
˛2�˛�˛1
ˇ2�ˇ1

..�X/˛�Q̨.�X/ Q̨Y
Q̌

.Y ˇ� Q̌

'// ıXˇ2X
Q̌

Y Q̨Y ˛2T p�j˛Cˇj�j

Q̨Š Q̌Š ZZu

D X
˛Cˇ�p

˛1�˛;ˇ1�ˇ

1�jCj˛1Cˇ1j

X
t�j
t�jBj

 
p � j˛1 C ˇ1j � t

j � t

!
j Š

t Š
.�1/t .Y

˛1Xˇ1T j a/

˛1Šˇ1Šj Š

ı X
j˛2Cˇ2jDt
˛2�˛�˛1
ˇ2�ˇ1

..�X/˛12 .�X/ Q̨Y
Q̌

.Y ˇ12'// ı Xˇ2X
Q̌

Y Q̨Y ˛2T p�.jCj˛12Cˇ12j/�jQ̨C Q̌j

Q̨Š Q̌Š ZZu

with ˛12 D ˛1 C ˛2 and ˇ12 D ˇ1 C ˇ2:

Proposition 5.11. The binomial coefficient will be estimated by

 
p � j˛1 C ˇ1j � t

j � t

!
j Š

tŠ
.�1/t D Cp;˛1;ˇ1;j . Cjpj�t ; (5.44)

completing the expression of the bracket:
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Proposition 5.12.

Œ.T p/'; a�ZZu D
X

˛Cˇ�p
˛1�˛;ˇ1�ˇ

1�p�j�j˛Cˇj

X
j˛2Cˇ2jDt�j
˛2�˛�˛1
ˇ2�ˇ�ˇ1

Cp;˛1;ˇ1;j
.Y ˛1Xˇ1T j a/

˛1Šˇ1Šj Š

ı ..�X/
˛12X Q̨Y Q̌

Y ˇ12'/ ıXˇ2X Q̌
Y Q̨Y ˛2T p�j�j˛12Cˇ12j�j Q̨C Q̌j

Q̨ Š Q̌Š ZZu:

(5.45)

Except for the location of .�X/˛12 and Xˇ2; we may understand these indices as
follows:

• We will think of the last line as .T p�.jCj˛1Cˇ1C˛2Cˇ2j//.�X/˛12Y ˇ12'Xˇ2Y ˛2 ;

noting that the .�X/˛12 actually occur to the left of the derivatives on '. They
will be commuted to the right, onto Y ˇ12': It is the special form of the vector
fields that will make this an effective move, since the vector fields that balance
free vector fields will not be disturbed and there will appear harmless powers of
y to the extreme left.

• The drop of j in the exponent of T is balanced by pj in (5.44).
• ' has received � D ˛12 C ˇ12 D ˛1 C ˇ1 C ˛2 C ˇ2 additional derivatives,

balancing the drop in the exponent of .T p/':
• There are ˛2 C ˇ2 “new” Z’s, balanced by p�t D p�.j˛2Cˇ2j/:
• The “new” Xˇ2 to the right of '; when commuted to the left so that they are

composed with the whole .T p�.jCj˛1Cˇ1C˛2Cˇ2j//.�X/˛12Y ˇ12' on the left, may,
in the commuting, land on the derivatives on '; and because of the very special
form of the vector fields, may have their derivatives slide onto ' while leaving
harmless powers of y as coefficients to the left. Thus instead of Xˇ2 to the left
there may be fewer, the others landing as derivatives on ': But keep in mind that
with each X or new derivative on ' comes an inverse power of p:

With these observations in mind, we may write the following result.

Proposition 5.13.

Œ.T p/'; a�ZZu

D
X

Cp;˛1;ˇ1;j .y/
ˇ00

2 C˛12 ı .Y
˛1Xˇ1T j a/

˛1Šˇ1Šj Š

ıXˇ0

2
..�X/ Q̨Y Q̌

'.ˇ
00

2 Cˇ12C˛12// ıX Q̌
Y Q̨T .p�j�j˛12Cˇ12j/�jQ̨C Q̌j

Q̨ Š Q̌Š Y ˛2ZZu:

D
X
Cp;˛1;ˇ1;j .y/

ˇ00

2 C˛12.Y
˛1Xˇ1T j a/

˛1Šˇ1Šj Š
Xˇ0

2

�
T p�j�j˛12Cˇ12j

�
'.ˇ

00

2 Cˇ12C˛12/
Y ˛2Z2u;

(5.46)
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and Cp;˛1;ˇ1;j . Cjpj�t ; and where the summation is over all indices with t D
ˇ12 C ˛12; ˇ12 D ˇ1 C ˇ2; ˛12 D ˛1 C ˛2; ˇ2 D ˇ0

2 C ˇ00
2 and j C j˛12 C ˇ12j � p:

Here .y/ denotes either y or 1:

Note that the powers of y will just come out of the norm, and we may assume
that jyj � 1:

Again, we introduce notation for variable-coefficient sums of the general expres-
sions that will arise. With

GA; D CA.T
m/ .r/T

sZq

and A D A.q;s;m;r/; we assign single- and double-bar norms that reflect the
distinction between Z’s and T ’s, assigning free T ’s double weight: let

jA.q;s;m;r/j � jGA.q;s;m;r/; j D mC q C s

and ��A.q;s;m;r/�� � ��GA.q;s;m;r/ ; �� D jA.q;s;m;r/j C q D mC 2q C s:

To a variable coefficient sum of such expressions,

G D
X

FAGAI with jAj � N; (5.47)

we set, again,

kjGkjN D sup
A; supp . /

jFAjCAKm
0 K

q
1K

q
2N

jAjCrCm=mŠ; (5.48)

where K0;K1;K2 will be chosen later, large relative to other constants that enter
and subject to

K0 � K1 � K2 � 1: (5.49)

We shall use the notation F .j /

.k/ for a function or sum of functions such that in the
support of all localizing functions, and for all �;

jD�F
.j /

.k/ j � C j� jCjCkC1.j� j C k/Š; (5.50)

with the constant C universal for the present problem. For example, F .j /

.k/
could

stand for any .j C k/th derivative of any coefficient divided by j Š

Definition 5.1. An operator GAI will be called admissible if it contains two Z’s.
GAI will be called simple if it is not admissible and m D 0; i.e., if it of the form

 .r/T s.Z/ D coeff  .r/T sZ or  .r/T s:

A variable-coefficient sum of such operators G will be said to have one of these
properties if it is true of each member of the sum.
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We have actually proved the following propositions, which show the effect of
commuting .T m/ ; or more generally GAI ; with a function or a vector field.

Proposition 5.14 (Bracket with a function). Let G1
AI D .T m/ .r/T

sZq; and let
f .x; y; t/ be a real analytic function in the support of  (which will be smooth and
of compact support). Then, noting that � may equal zero, so that this expression
contains the information about the commutator,

G1
AI f Z2 D

X
j�j�0

f.�/G
1
AŒ���I Z

2 D QG1AŒ0�I Z2

with

f.0/ D f; AŒ0� D A; jD�f.�/j � C j�C�jC1j� jŠ; 8�;
and

jAŒ���j � jAj � j�j; ��AŒ����� � kAk � �;
and

kj QG1AŒ0�I Z2kjN � Cf kjG1
AI Z2kjN :

We are using the notation AŒ��� to denote a tuple whose j 
 j norm is jAj � �: And
note that there may be more Z’s in G1

A.��/
than there were in the initial G1

AI due to
Proposition 5.13.

In the bracket with Z’s, there is no difference from the previous section, since
the vector fields are the same. Thus we have the following:

Proposition 5.15 (Bracket with Z’s). Let A D .q C 2; s;m; r/. Then

aŒ.T m/ .r/T
sZq;Z2� D

X
j�j�1

af.�/G
2
AŒ���I D QG2AŒ�1�I 

with

jD�f.�/j � C j�C� jj� jŠ 8˛; jAŒ���j � jAj � j�j; ��AŒ����� � kAk ;

and

kj QG2AŒ�1�I kjN � kjG2
AI kjN :

Thus the single-bar norm drops, while the double-bar norm does not rise and the
triple-bar norms are well controlled.

Note that QG2AŒ�1�I will always contain at least one Z: if q > 1; then the result
contains two Z’s, and is thus admissible; if q D 1; this Z may take up one of the
two Z’s to the right to produce a T; leaving one Z; and if q D 0; then bracketing
with Z2 leaves Z2; and hence is admissible. We never use up all Z’s in this way.
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Corollary 5.1. Let G3
AI D .T m/ .r/T

sZq: Then

���PG3
AI u

���
0

�
���G3

AI P u
���
0

C sup
j�j�0

C
j�jC1
f �Š

���G3
AŒ1���; 

u
���
0

D
���G3

AI P u
���
0

C sup
j�j�0

C
j�jC1
f �Š

���G3
AŒ1���; 

u
���
0

and

kjC j�jC1
f �ŠG3

AŒ1���; 
kjN � kjZ2G3

AI kjN ; jAŒ1���j < jAj C 2;

and ��AŒ1����� � kAk C 2:

That is, starting with Z2 and G3
AI D .T m/ .r/T

sZq together, and applying the
estimate, the right-hand side will be bounded as shown and the formal kj:kjN norm
is controlled from where we started. The single-bar norm of A has dropped, and the
double-bar norm of A has not risen.

However, a new feature enters with nonrigid coefficients: the bracket with a
coefficient, as in Proposition 5.13, may contain new Z’s (i.e., new Y ’s), which,
while seemingly a good thing, may lead to inadmissible terms on the next iteration,
without having reducedm to zero, as the schema

.T m/ T
sZ2 ! Œ.T m/ .r/ ; f �T

sZ2 ! f 0.T m�1/ .rC1/T sYZ2=m

! f 0.T m�1/ .rC1/T sC1Z=m (5.51)

shows. In the rigid case this did not occur:m would have become zero, the two Z’s
from P never bracket one another, and the phenomenon of new Y from a bracket
with a coefficient does not occur. Thus there will always remain two Z’s, and when
(m D 0 and) at most two Z’s we introduced a new localizing function.

In the nonrigid case, we could invoke the inner-product form of the a priori
estimate where one Z suffices:

kZvk20 C kvk21=2 . j.P v; v/L2 j C kvk20 j 
 j (5.52)

But since in the next chapter we will deal with coefficients that are not only
nonrigid but even pseudodifferential, we feel encouraged here to use an extremely
simple pseudodifferential operator and take advantage of the full power of the norm
estimate (3.11):

��Z2v
��2
0

C kZvk21=2 C kvk21 . kP vk20 C kvk20 ; v 2 C1
0 : (5.53)

Then starting as just above but taking qD 0 for simplicity, from .T m/ Z
2 D

GA1; which has A1 D .2; 0;m; 0/ and hence jA1j D 2 C m; kA1k D 2 C m;
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and kjGA1kjN DKm
0 K

2
1K

0
2N

2CrC2m=mŠ; we arrive (5.51) at GA2 D .T m�1/ .rC1/

TZ=m; for which

jA2j D 1C 1Cm � 1 D mC 1;

kA2k D 1C 2Cm � 1 D mC 2;

and

kjGA2kjNDKm�1
0 K1K2N

1C1CrC1C2.m�1/=m.m� 1/ŠDKm�1
0 K1K2N

2mCrC1=mŠ;

all norms have dropped or remained constant.

In order to apply (3.11) optimally, we use the operator defined by 1

ƒ
1=2
t w D

.1C j� j2/1=4 bw.�; �/:
���ZT .Tm�1/ .rC1/u

���
0

D
���Zƒ1=2t .T m�1/ .rC1/u

���
1=2

C
���Z2ƒ1=2t .T m�1/ .rC1/u

���
0

C
���ƒ1=2t .T m�1/ .rC1/u

���
1

.
���Pƒ1=2t .T m�1/ .rC1/u

���
0

C
���ƒ1=2t .T m�1/ .rC1/u

���
0

�
���ƒ1=2t .T m�1/ .rC1/P u

���
0

C kEuk0C
���ƒ1=2t .T m�1/ .rC1/u

���
0
;

whereE D Œƒ
1=2
t .T m�1/ .rC1/ ; aZ2�u is much as before with the addedƒ1=2

t (since
the vector fields Z are rigid, i.e., ŒZ;ƒt � D 0) except for the term in which the
bracket Œƒ1=2

t ; a�Z2 enters.
However, Œƒ1=2

t ; a� is a bounded operator on L2; and so

kEuk0 �
���Œƒ1=2

t ; a�.T m�1/ .rC1/Z2u
���
0

.
��.T m�1/ .rC1/Z2u

��
0

� "
���ƒ1=2

t .T m�1/ .rC1/Z2u
���
0

when supports are small; hence this term will be absorbed on the left. The others
satisfy the norm requirements.

We conclude that terms with one Z are not a problem either.
And finally, we never arrive at terms with no Z’s unless m drops to zero. Terms

with m D 0 are called simple.
Upon iteration, we have proved, the following result.

Proposition 5.16 (Applying the estimate). Let HAI� be admissible and P u D f

in V: Then

kHAI� uk20 � CN
���GAŒ�2�I�f ��20 C sup

��Gsim
A0I�u

��2
0

�
;
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where the supremum is over all simple Gsim
A0I� whose norms satisfy

kjGsim
A0I�kjN � kjHAI�kjN ; jA0j � jAj � 1; and

��A0�� � kAk :

The simple terms have also been treated, with the same control over norms, since
for them when q � 1 we just stop and introduce a new localizing function in view of
(5.18) above and the sentences following it. This concludes the proof of analyticity
with the same choice of localizing functions.



Chapter 6
Pseudodifferential Problems

6.1 Generalization to Pseudodifferential Operators

In 1980, Guy Métivier generalized the above results, still with the same essential
geometric conditions, i.e., in which the operator degenerated to exactly order two
on the characteristic manifold, for instance, but in higher codimension included the
case of pseudodifferential operators, or, what amounted to the same thing, operators
such as we have studied above but with pseudodifferential coefficients. We discuss
this generalization now in our formulation, which the reader will realize is a direct
generalization of the first few chapters of the present book.

The operator to be studied is

P.x;D/ D
X
jI j�2

CI .x;D/Z
I ; (6.1)

where theZ are the usualX or Y and theC.x;D/ are “classical” pseudodifferential
operators of order zero. The replacement for the “sum of squares” hypothesis is that

X
jI jD2

CI .x0; �0/�
I ¤ 0; � 2 R

2�; (6.2)

and subellipticity becomes that the operator
P

jI jD2 CI .x0; �0/BI has no kernel in
S; where

Bj D @

@xj
� x�Cj ; B�Cj D @

@x�Cj

;

the vector fields Zj after Fourier transform in the t variable at the covariable
� D .0; : : : ; 0; 1/:

Rather than develop the whole theory of pseudodifferential operators from
scratch, we refer the reader to standard sources and merely cite the results we will
need, none of which are at all deep.

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 6, © Springer Science+Business Media, LLC 2011
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If we freeze the coefficients, and write

P.x0;�0/.x;D/ D
X
jI j�2

CI .x0; �0/X
I ;

the hypothesis (6.2) implies the following estimate of Grušin type: 8v 2 C1
0 ;

kZ2vk0 . kP.x0;�0/.x;D/vk0 C kvk0;
and then, first bounding kZvk0 via the Schwarz inequality, and then kvk21 �
kZvk0 C kT vk0 � kZvk0 C kZ2vk0; and finally kZvk21=2 . kZ2vk20 C kvk21;
we obtain

kZ2vk0 C kZvk1=2 C kvk1 . kP.x0;�0/.x;D/vk0 C kvk0: (6.3)

We may pass from here to the analogous estimate for P.x;�0/.x;D/ for v of small
support, since modulo errors with zero symbol (hence of arbitrarily low order, which
do not disturb analyticity) they are small multiples of the left-hand side, although
we would have had to introduce fractional powers of the Laplacian in t .

But the support in � is not so easily controlled and requires a nested system
of cones with suitable families of cut-off functions, just as the spatial (local)
proof above required a nested system of open sets with suitable families of cut-off
functions.

In order to localize also in the covariables �; we proceed analogously: for anyN;
and open sets ! b Q! and � � Q� with �; Q� both open cones, there exist 'N .x/ as
before, with 'N .x/ 2 C1

0 . Q!/ � 1 on ! and

jD˛'N j � C.CN/j˛j; j˛j � 2N;

and  N .�/ � 1 on � and  N .�/ � 0 in the complement of Q�; with similar growth
of derivatives, but conically,

jD˛ N j � C.CN=j�j/j˛j; j˛j � 2N;

and .1 � �N .�// 2 C1
0 .fj�j < 1=2g/ with

jD˛�N .�/j � C.CN/j˛j; j˛j � 2N:

Then we set
�N .x; �/ D 'N .x/ N .�/�N .�/;

and use the symbols  and � to denote both the “symbols” and also the operators
 .D�/; �N .D�/:

As above, it will be necessary to nest many of these open sets. Given an overallN;
we will seek to bound derivatives of our solution u of order N; in L2 norm, by
C.CN/N in the form

kD˛�N uk . .CN/j˛j; j˛j � 2N:
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The nesting will be done so that with a sequence of Ni D N=2i; and open sets
f!j gjD1;:::;log2 N ; with p0 2 ! D !1 b � � � b !log2 N D Q! and the separation
between the support of !j and .!jC1/c D dj D d0=2

j and a similar nesting of the
�j so that for j�j D 1; the separation of the supports is proportional to 1=2j as well,
and the same for the nested sets, which serve to exclude the origin in �-space.

Note that �N is of compact support, not conic support, but this localization away
from the origin will matter the least, since if a derivative ever lands on �N ; the
resulting function will be supported in a region where j�j is bounded (by 1), and the
solution will certainly be analytic there. (That is, �0

N .�/Ou.�/ will have support in
j�j � 1; and hence �0

N .D/u will be real analytic.)

6.2 The Microlocal .T p/' �

Definition 6.1. We write .x0; �0/ … WFA.v/; v 2 D0; if there exist an open cone
�0 in R

n n0; a neighborhoodV0 of x0; and a constant C such that for everyN; there
exists vN D v in V0; vn 2 E 0; with

jcvN .�/j � CN

�
1C j�j

N

��N
; � 2 �0:

Definition 6.2. We define

.T p/' �.x;D/ D
X

j˛Cˇj�p

ad˛.�X/ adˇY .' �/

˛ŠˇŠ
.x;D/.X/ˇY ˛T p�j˛Cˇj w;

where

ad˛X D adX˛11 � � � adX˛nn

and

adkX.w/ D ŒX; ŒX; : : : ; ŒX;w� : : :��„ ƒ‚ …
k

:

Then we have the usual bracket relationships

ŒX; .T p/' �� � 0

and
ŒY; .T p/' �� � .T p�1/adT .' �/ ı Y

modulo Cp terms of the form

adpC1
Z .' �/=pŠ ıZp:
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6.3 Brackets with Coefficients

Brackets of .Tp/' � with the vector fields X and Y behave beautifully. That is how
the (micro-)localization of Tp was built. But brackets with coefficients were already
complicated when the coefficients were functions; now they are pseudodifferential
operators (of order zero).

We will disregard the tail of asymptotic series. The subject of analytic pseudo
differential operators is well studied, and the new part of our proof is made entirely
explicit in the families of cut-off functions in the dual variables.

For the bracket of a coefficient with .Tp/' �; we recall the expression we
obtained when the coefficients were just functions and recall where each part of
the expression came from. In Proposition 5.13 we had

Œ.T p/'; a� D
X

Cp;˛1;ˇ1;j .y/
ˇ00

2 C˛12 .Y
˛1Xˇ1T j a/

˛1Šˇ1Šj Š

ıXˇ0

2

�
T p�j�j˛12Cˇ12j

�
'.ˇ

00

2 Cˇ12C˛12/
Y ˛2

D
X

tCjCj	 j�p

tDt1Ct02Ct002

F
.˛1Cˇ1Cj /
.0/ .y/t

00

2 C	 Xt20

pt20
pj

pt
00

2

.T p�j�j	 j/
'.j	 jCt002 /

Y t1

pt1
ZZu;

Cp;˛1;ˇ1;j . Cjpj�t ,
recalling the convention

jD
F
.j /

.k/ j � C j
 jCjCkC1.j
 j C k/Š:

When a is a zero-order pseudodifferential operator CI .x;D/; jI j D 2 W
• The derivatives on a are from

ad˛1.�X/ adˇ1Y adjT .a/

and will remain in this form,

ad˛1.�X/ adˇ1Y adjT .CI /;

together with the factorials. These will occur in the coefficients F .˛1Cˇ1Cj /
.0/

but will be zero-order pseudodifferential operators, simple to calculate but
bounded in L2:

• Derivatives on the localizing function come from adW .'/ for some vector field
W D X; Y; T or @=@x; and the notation may still be used.

• Additionally, the special form of our vector fields, which permitted us to pass
the function y from one side of (derivatives on) ' to the other, will behave a bit
differently here. While 'y D y' for any function '; i.e., ady.'/ D Œy; '� D 0;

it will no longer be true that Œady; ' �� D 0: But it is not hard to see that

Œady; ' �� D '. �/�;
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where � is dual to y (i.e., the � derivative of the symbol of  � interpreted as an
operator). That means that

ady @
@t

�
ad Q̨
.�X/ ad

Q̌
Y .' �/

�
D ad Q̨

.�X/ ad
Q̌
Y

�
'. �/�

@

@t

�
C y ad Q̨

.�X/ ad
Q̌
Y .'t �/:

This means that the nonrigid bracket formula (5.13) may be imported into the
pseudodifferential-coefficient case, except that wherever we had written .y/ we
should now have two terms, .y/ together with the t derivative on ' (as in (5.13))
plus a term without .y/ but with ' � replaced by

'. �/�
@

@t
D '@�.
. �//@

u
t ;

i.e., @u
t “sees” only u:

Œ.T p/' �; CI .x; y; t ID/�ZZu

D
X

tCjCj	 j�p

tD
P
tj

F
.˛1Cˇ1Cj /
.0/ .y/t3C	

Xt2

pt2

pj

pt3Ct4
.T p�j�j	 j/

.' �/
.j	 jCt3/

.t4/
@
t4
t

Y t1

pt1
ZZu:

(6.4)

Denoting byW a Z or spatial derivative, we have set

.' �/
.j	 jCt3/
.t4/

D W
j	 jCt3
t Dt4

� .' �/; (6.5)

and here the “coefficient” F .˛1Cˇ1Cj /
.0/ now denotes, analogously,

F
.˛1Cˇ1Cj /
.0/ D Cp;˛1;ˇ1;j

ad˛1Y adˇ1X adjT .CI /

˛1Šˇ1Šj Š

with, as before,

Cp;˛1;ˇ1;j . Cjpj�t :

Of course, this is only part of the bracket of a typical high-order derivative
with P D .

P
jI j�2/CIZI ; which we have abbreviated as P D CIZ

2: The fuller
expression is

Œ.T p/' �T
sZq; CI .x;D/Z

2�

D Œ.T p/' �; CI �T
sZqC2 C .T p/' �ŒT

sZq; CI �Z
2

CCI Œ.T p/' �;Z2�T sZq C CI .T
p/' �ŒT

sZq;Z2�:
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In taking the norm of the last two terms, the operator CI .x;D/ is certainly
bounded in L2 and will be brought out of the norm majorized by a (universal)
constant. The first term on the right we have just expanded above in (6.4), so the
only new term is the second on the right. But we always have

ŒT sZq; CI � D
X
s0 � s
q0

� q

q0
Cs0�1

 
s

s0

! 
q

q0

!
adq

0

T adq
0

Z .CI /T
s�s0Zq�q0

:

Finally, the order relations described above persist, and as long as we stay with
admissible terms, we may iterate the a priori inequality, and when .T p/  � has been
exhausted, we observe that all terms contain only Z derivatives; when they bracket
to produce new T ’s, there will be at most p=2 of them, half the original number,
and we change the choice of  ;  ; and �; perhaps differently in each term, chosen
to correspond to the number of free derivatives in the term in question.

The nesting of the spatial open sets is as before; the conical ones and the �’s are
similarly handled given the growth of their derivatives.



Chapter 7
General Sums of Squares of Real Vector Fields

7.1 A Little History

The Laplacian

� D
nX
1

@2

@x2j

and the partial Laplacian

�0 D
n0<nX
1

@2

@x2j

are the simplest examples of sums of squares of (real) vector fields, and their
regularity properties couldn’t be more different:� is C1; Gevrey, and real analytic
hypoelliptic, while �0 is none of these.

It will be interesting to differentiate between full and partial hypoellipticity
below, but first, I want to demonstrate, by way of examples studied by Baouendi,
Oleinik–Radkevich, and Grushin, how the form of the vector fields seems to make
an enormous difference.

The vector fields studied above, from the Heisenberg group, have the form

XH D @

@x
� y

2

@

@t

and

YH D @

@y
C x

2

@

@t
:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 7, © Springer Science+Business Media, LLC 2011
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Yet if we define the Oleinik-type vector fields

XO1 D @

@x
; XO2 D �y

2

@

@t
;

YO1 D @

@y
; YO2 D x

2

@

@t
;

so that XH D XO1 C XO2 and YH D YO1 C YO2; we have seen above, after a
nontrivial amount of work, that

PH D X2
H C Y 2H D

�
@

@x
� y

2

@

@t

�2
C
�
@

@y
C x

2

@

@t

�2

is HE and AHE (and GHE in all Gevrey classes Gs with 1 � s).
However, the proof that the very similar-looking operator

PO D X2
O1 CX2

O2 C Y 2O1 C Y 2O2 D
�
@

@x

�2
C
�
y

2

@

@t

�2
C
�
@

@y

�2
C
�
x

2

@

@t

�2

has the same properties requires only a few lines.

7.2 Proof for a Sum of Monomials

To illustrate the simplicity of the proof for monomials, consider the still simpler
operator

PG D D2
x C x2D2

t

in R
2: We have writtenDw here for @=@w;w D x; t: Then it suffices to show that

kDk
t uk � CCkkŠ

Let Z D Dx or xDt : The obvious a priori estimate is

kZ2vk C kZvk1=2 C kvk1 . kPGvk C kvk0; v 2 C1
0 ;

and localization is needed only in the t variable, since for x ¤ 0; PG is elliptic (so
any product localizing function, '.t/ .x/; if differentiated, whenever  0 enters we
may stop since we are in the elliptic region where AHE is known).

Take u 2 C1 with PGu D f 2 C!; and set v D '.t/Dk
t in the estimate

kZ2'Dk
t uk C kZ'Dk

t uk1=2 C k'Dk
t uk1 . kPG'Dk

t uk C k'Dk
t uk0:
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Since 'Dk
t PGu is known and

ŒPG; '�D
k
t u � 2x2' 0DkC1

t u C x2'00Dk
t u

(since ŒDx; '� D 0), perhaps a more useful version of the estimate would read

Jk;' � kD2
x'D

k
t uk0 C kx2D2

t 'D
k
t uk0 C kx2Dt'D

kC1
t uk0 C kx2'DkC2

t uk0
CkZ'Dk

t uk1=2 C k'Dk
t uk1 . kPG'Dk

t uk C Jk�1;'.0/

. kPG'Dk
t PGuk C Jk�1;'.0/ C Jk�2;'.00/ :

Here '.
0/ (or '.

00/) designates the localizing function ' with as many as one (or
two) derivatives, but perhaps fewer.

The essential property reflected here, and a by-product of the fact that the given
vector fields are monomials, is that whenever such a vector field differentiates ';
there is a factor of x that together with Dt makes a new Z: Hence the induction
may proceed at once, without the need to correct high powers (or any powers) of
T D Dt :

For this last estimate may simply be iterated, with Ehrenpreis-type analytic
families of localizing functions or Hörmander’s version, where once ' receives
a few derivatives it may be replaced by another, with slightly larger support,
and derivatives estimated by powers of N; (the overall bound on the number of
derivatives being estimated), though uniformly in N:

At any event, when the number of derivatives still in play decreases, a factor
of CN to the corresponding power may enter, and when the number is reduced to
essentially zero, a factor of .CN/N :

Any reader who has persevered to this point will have no trouble seeing that
analyticity of the solution, or AHE, is a stone’s throw away with no careful
localization of powers of Dt:

Thus, we reiterate, a sum of squares of monomials seems to have a vastly simpler
analysis than a sum of squares of composite vector fields, even though the structure
of the brackets of the vector fields seems similar.

Microlocally it is still possible that these operators PH and PO are essentially
similar, but this author remains skeptical. The difficulty seems to be that the
characteristic varieties �H D f� � 1

2
y£ D � C 1

2
x£ D 0; £ ¤ 0g and �O D

f� D � D x D y D 0; £ ¤ 0g; while both symplectic, seem substantially different,
being, for example, of different codimensions.

7.3 Partial Regularity

In the case of monomials it is relatively easy to prove some partial hypoellipticity
results. Here we give the simplest case, and then a more general result for rather
general operators of Oleinik type.
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Recently there has been study of Gevrey hypoellipticity when s takes on values
other than 1=m: Christ [Chr2] has very recently obtained sharp isotropic results
in rational Gevrey classes that are better than those predicted by the subellipticity
index. In this section and those that follow we improve on those regularity results
by considering nonisotropic classes and show that all of these results are accessible
with L2 methods alone.

We consider here the particular, though apparently fairly typical, example

P D @2

@x2
C
�
x
@

@t

�2
C
�
x2
@

@s

�2
D X2

1 CX2
2 CX2

3 : (7.1)

Theorem 7.1. The operator P is Gd hypoelliptic for all d � 3=2:

Remark. This theorem is due to M. Christ. However, our proof is both elementary
and allows more precise results about partial regularity, where derivatives in
different directions grow at different rates.

Theorem 7.2 (Bove–Tartakoff, 1996). The operator P is Gd1;d2;d3 hypoelliptic
for d1 � 7=6, d2 � 1; and d3 � 3=2; and microlocally as well.

Proof. We shall use the a priori estimate, for v 2 C1; any vector field W; and the
localizing function ' D 'N ; as above:

X
j

kXj'W pvk2
L2

C
X
j

k'XjW pvk2
L2

C k'W pvk21=3

�C
8<
:j .P'W pv; 'W pv/L2 jC

X
j

kXj .'/W pvk2
L2

C k'W p�1vk2
L2

9=
; ; v 2 C1:

(7.2)

(Note that we distinguish the different derivatives on '; since the Xj carry
coefficients that are powers of x; a fact that will be crucial in the sequel.)

We have used several facts in writing down this estimate: the form of P clearly
allows us to bound the basic vector fields Xj on v; and thus the 1=3 norm, since
second brackets suffice to span the tangent space, and we have used a symmetric
form on the left, with the Xj either before or after the localizing functions, since
both will occur as errors. It follows that if Pw D f 2 Gs for some s � 3; the same
is true of w locally.

We shall obtain bounds of the solution locally (in L2 norms) of the type

jj'D˛1
x D

˛2
t D

˛3
s ujjL2 � CC j˛j˛1Šd1˛2Šd2˛3Šd3 ; j˛j � N;

and to do this it suffices, by integration by parts and a simple inductive hypothesis,
to treat pure powers of Dx;Dt ; andDs:
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We start with W D Dt , since this turns out to be the simplest. Then

ŒP; 'ND
p
t � D Dx.'N /xD

p
t C .'N /xDxD

p
t C xDtx.'N /tD

p
t

C x2.'N /t tD
p
t C x2Dsx

2.'N /sD
p
t C x4.'N /ssD

p
t :

Now, the .t; s/ derivatives on 'N are serious (recall that x derivatives leave us in
the elliptic region where the result is known), but even these derivatives will not be
harmful to a proof even of analyticity (in the variable t) if there is a corresponding
gain in powers of Dt without losing the two goodX ’s.

These two goodX ’s may either come from P (one X comes from P in the first,
third, and fifth terms on the right here, though in the first two terms the presence of
an x derivative on 'N lands us in the elliptic region) or are created by combining
powers of the variable x with copies ofDt; namely once in the third and fifth terms
and twice in the fourth and sixth, thus reducing the power p on Dt : Note that these
(one or two) powers ofDt must still be commuted past 'N to be in a useful position,
and they may land on the localizing function. If they do, we must try to bring another
Dt out, etc. But to simplify this exposition, we include only the principal term,
ignoring these second-order brackets. Once we have X ’s on the left, one of these
X ’s will be moved to the right (by integration by parts). We obtain

��
P; 'ND

p
t

�
u; 'ND

p
t u
� D �

Dx.'N /xD
p
t u; 'ND

p
t u
�
L2

C �
.'N /xDxD

p
t u; 'ND

p
t u
�
L2

C 2
�
xDt .'N /tD

p�1
t u; xDt'ND

p
t u
	
L2

C
�
xDt .'N /t tD

p�2
t u; xDt'ND

p
t u
	
L2

C 2
�
x2Dt.'N /sD

p�1
t u; x2Ds'ND

p
t u
	
L2

C
�
x2Dt.'N /ssD

p�2
t u; x2Dt'ND

p
t u
	
L2
;

so that (recalling the norms are squared) for any " > 0;

j �ŒP; 'NDp
t �u; 'ND

p
t u
�
L2

j � Ck'NDp
t uk2

L2
C CC2j˛j.2j˛j/Š

C "kxDt'ND
p
t uk2

L2
C C"

n
kxDt .'N /tD

p�1
t uk2

L2

C kxDt .'N /t tD
p�2
t uk2

L2

o

C C"

n
kx2Dt.'N /sD

p�1
t uk2

L2

C kx2Dt .'N /ssD
p�2
t uk2

L2

o
:
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After replacing the L2 norm first on the right by again " times the 1=3 norm
modulo a large constant times the �1 norm and using this to absorb one power
of Dt ; this leads, upon iteration p times, starting from (7.2) with W D Dt ; to the
bounds

X
j

kXj'NDp
t uk2

L2
C
X
j

k'NXjDp
t vk2

L2
C k'NDp

t uk21=3

� CC2j˛j
u;Pu.2j˛j/ŠC C2j˛jC2.2j˛j/Škuk2

L2

D CC2j˛j
u;Pu.2j˛j/ŠC C 2j˛jC2

u .2j˛j/Š;

which yields analytic growth in the Dt derivatives.
Next we tackle Ds derivatives, which are not nearly as simple:

ŒP; 'ND
p
s � D Dx.'N /xD

p
s C .'N /xDxD

p
s C 2xDtx.'N /tD

p
s

C x2.'N /t tD
p
s C 2x2Dsx

2.'N /sD
p
s C x4.'N /ssD

p
s :

Again, the x derivatives on 'N are not serious, and the last two terms may be
treated precisely as we did with high powers ofDt : combining x2 withDs “creates”
a “good” derivative (i.e., an Xj ) that may be integrated to the right in the inner
product. This exchange, a derivative on 'N for a gain in p, i.e., a gain in power of
Ds derivatives, is what has led to optimal (i.e., analytic) regularity all along.

But it is the third and fourth terms that are more troublesome, and where the
new features arise. For combining only one power of x with Ds will not generate a
“good” vector field sufficient to balance a derivative (Dt ) falling on 'N . Two powers
of x are required. However, a little patience will produce two, even in this “worst-
case scenario.” For if we are repeatedly so unlucky (and all cases do occur) as to
bracket with xDt (and we ignore other contributions), we find that after two such
brackets we may decrease p by one.

But something even better happens. Consider: we start with X'ND
p
s u, and after

the first use of the basic a priori estimate we have come up with x.'N /tD
p
s u:As with

the proof in the general subelliptic case above, we do have a gain of 1=3 derivative
to make use of. That is, for the next iteration we write

kx.'N /tDp
s ukL2 D kƒ�1=3x.'N /tDp

s uk21=3;

and treat ƒ�1=3x.'N /tDp
s u as the new version of 'ND

p
s u whose Xj derivatives as

well as 1=3 norm are bounded in the estimate. (To justify treatingƒ�1=3x.'N /tDp
s u

as if it had compact support, one introduces a new function ‰ � 1 near the support
of all ' just to the right of ƒ�1=3: It is harmless there and when commuted past
ƒ�1=3 for support considerations the error committed is of a full order lower.) In
the next iteration, we will be led to analogous “errors,” such as ƒ�1=3x2.'N /t tDp

s u
with one more power of x and another .Dt / derivative of 'N :
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But now something very exciting happens. We may treat the x2 together with
Ds as a good vector field, namely as one of the Xj ’s. After these two iterations we
have gone from kXj'NDp

s ukL2 to kXjƒ�1=3.'N /t tDp�1
s ukL2: After three of these

iterations we will obtain

kXjƒ�1.'N /t t t t t tDp�3
s ukL2 � kXj .ƒ�1Ds/.'N /t t t t t tD

p�4
s ukL2

� k.Xj /.'N /t t t t t tDp�4
s ukL2;

which exhibits a trade of four Ds derivatives for six derivatives on the localizing
function 'N :

This is the “trade-off” that leads to the Gevrey class G3=2:

Finally, we turn to x derivatives, where the computations are simpler, but seem to
depend on the preceeding ones: this time, W D Dx and the a priori estimate reads
essentially

X
j

kXj'NDp
x uk2

L2
C
X
j

k'NXjDp
x uk2

L2
C k'NDp

x uk21=3

� C


 ˇ̌̌
ˇ �'NDp

x P u; 'ND
p
x u
�
L2

ˇ̌̌
ˇC

3X
jD1

ˇ̌̌�
Œ'ND

p
x ;X

2
j �u; 'ND

p
x u
	
L2

ˇ̌̌

C
X
j

k'.0/N Dp
x uk2

L2

�
:

In the bracket (second term on the right) the problem is now not keeping good
vector fields: the Dx themselves are good. The difficult term that arises is that in
which x2DsŒD

p
x ; x

2Ds� (or xDt ŒD
p
x ; xDt � or double brackets) enters. All terms

contribute p terms where one of the Dx differentiates x: Thus the error that arises

is of the form pxDsD
p�1
x (and pDtD

p�1
x ) after the other Xj has been moved to

the second member in the inner product. From the double brackets we may also
have p.p � 1/DsD

p�2
x , etc. That is, starting with X'ND

p
x we now have essentially

pXx'NDsD
p�2
x or p2X'NDsD

p�3
x ; and similar terms with Dt:

Now the former,pXx'NDsD
p�2
x ; turns out to be the worst in terms of managing

growth of derivatives: there has been a “gain” of two Dx’s, but a factor of p and a
new Ds derivative. When this continues, what started as X'ND

p
x becomes, after

the next iteration, p.p � 1/x2'ND2
sD

p�3
x or p'NDsD

p�2
x or p3X'NxD2

sD
p�5
x ;

etc., where again, in the first term we may call x2Ds an X: That is, this term is
of the form p2X'NDsD

p�3
x : This, iterated p=3 times, will lead to terms such as

p2p=3D
p=3
s : Since we know that derivatives in s of the solution grow like the Gevrey

class G3=2; we will get

kX'NDp
x ukL2 � Cpp2p=3pŠ.3=2/.1=3/ � CppŠ7=6:

This is the origin of the G7=6 behavior in x: Finally, the microlocalization poses no
additional problems.
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7.4 Other Special Cases, Leading to a General Conjecture

An analysis of the above proof, which certainly includes the statement of G3=2

hypoellipticity, shows that it applies equally well to the somewhat more general
operator

P D @2

@x2
C
�
xp�1 @

@t

�2
C
�
xq�1 @

@s

�2
(7.3)

for 1 � p � q:

Theorem 7.3. The operator P in (7.3) is Gd hypoelliptic for all d � q=p.

Remark. This theorem is also due to M. Christ. However, our proof is both
elementary and allows more precise results about partial regularity, where deriva-
tives in different directions grow at different rates.

Theorem 7.4 (Bove–Tartakoff, 1996). The operator P in (7.3) is Gd1;d2;d3

hypoelliptic for any d1 � 1C 1=p � 1=q; d2 � 1; and d3 � q=p:

Theorem 7.5. When p D q D 1 this yields analytic hypoellipticity, but in all
other cases yields new examples of Gevrey classes of solutions to subelliptic partial
differential equations.

Theorem 7.6 (Bove–Tartakoff, 1996). The Baouendi–Goulaouic example,

P D D2
x CD2

t C x2D2
s ;

is Gd1;d2;d3 hypoelliptic for any d1 � 3=2; d2 � 1; and d3 � 2 but not hypoelliptic
in any smoother Gevrey class.

Proof. The first part is a special case of the above result. The sharpness comes by
studying the function

u".x; t; s/ D
Z 1

0

expŒi�2s � t� � �2x2=2� �"� d�

for " > 1, which solves P u" D 0, yet brief calculations show that u" satisfies

j@kt u".0/j D
ˇ̌
ˇ̌Z 1

0

e��"�kd�
ˇ̌
ˇ̌ � CkkŠ1=";

j@ks u".0/j D
ˇ̌̌
ˇ
Z 1

0

e��"�2kd�
ˇ̌̌
ˇ � CkkŠ2=";

and

j@2kx u".0/j D
ˇ̌̌
ˇ
Z 1

0

e��"�2kkŠd�
ˇ̌̌
ˇ � CkkŠ1C2" � Ck.2k/Š1=2C1";

showing that for any " > 1; u" 2 G1=2C1=";1=";2=" and no better.



7.5 The General Conjecture and Result 79

More general situations clearly pose no additional difficulties, such as those
studied (isotropically) in [Chr2]:

P D @2

@x2
C a1.x; t; s/

�
xp�1 @

@t

�2
C a2.x; t; s/

�
xq�1 @

@s

�2
; (7.4)

where both a1.x; t; s/ and a2.x; t; s/ are strictly positive and belong to the Gevrey
classes under consideration.

7.5 The General Conjecture and Result

The general conjecture suggested by these results, and voiced by Treves, concerns
the iterated brackets of a set of real vector fields in the operator

P D
rX
iD1

X2
i ;

where the Xj satisfy the Hörmander condition that their iterated brackets
span the tangent space. Define A1 D fX1; : : : ; XN g, A2 D A1 [ fŒXi ; Xj �;
i ¤ j g; : : : ; AN D SN�1

iD1 Ai [ fŒXi1 ; ŒXi2 ; Œ: : : ; ŒXiN�1 ; XiN � : : :� � �g. We agree
to call Aj , j D 1; : : : ; N , the “layers” of the Lie algebra of the tangent vector
fields.

Now set †1 D f.x; �/jXj .x; �/ D 0; j D 1; : : : ; rg, the multiple characteristic
set of the operator P , †2 D f.x; �/jY.x; �/j D 08Y 2 A2g, i.e., the characteristic
set of the second layer of the Lie algebra. Proceeding in this way, we get to defining
†N D f.x; �/jY.x; �/j D 08Y 2 AN g. By the Hörmander assumption, †N
coincides with the null section of the cotangent bundle.

Of course the †j are a decreasing finite sequence of subsets of the cotangent.
We need not assume that they are manifolds; if they are not, just think of them as
stratified varieties, whose strata are smooth manifolds.

Tentative statement 1: If all the †j ’s are symplectic—i.e., every layer of each †j
is symplectic—then P is analytic hypoelliptic.

Tentative statement 2: Assume that †` is the first of the †j that is not symplectic,
i.e., there is at least one stratum with an involutive leaf. Then the operator P is Gs

hypoelliptic if s � N=`.
The proofs above yield the second statement in the cases studied as well as

in others under consideration by E. Bernardi, A. Bove, and the author. The first
conjecture remains open.





Chapter 8
The @-Neumann Problem and the Boundary
Laplacian on Strictly Pseudoconvex Domains

One of the most urgent motivations for these analytic regularity issues came from
the @-Neumann problem, which we will define below.

This problem shares a great many features with a related operator, the so-called
complex boundary Laplacian or Kohn Laplacian, which we also develop here, and
which may be thought of roughly as a nonelliptic “Laplacian” living in the boundary
of the original domain but involving only those holomorphic and antiholomorphic
vector fields that are tangent to the boundary, and then the whole operator is
restricted to the boundary.

The resulting operator, denoted by �b , is precisely of the form studied in the
previous chapters, since, using the Darboux theorem, the real and imaginary parts
of those tangential vector fields have the same span as do the Heisenberg group
vector fields, and the operator to be studied is a variable-coefficient, second-order
operator constructed from real vector fields as studied in the previous chapters, and
satisfying the a priori maximal and subelliptic estimates.

For the @-Neumann problem, instead of dealing with a nonelliptic partial differ-
ential operator in a local manner, one deals with a “noncoercive” boundary value
problem (the so-called @-Neumann boundary condition) for an elliptic operator (the
Laplacian in the Euclidean case).

The only real work for this case amounts to formulating the @-Neumann problem
in such a way that the previous techniques carry over nearly unchanged (in tangential
directions), and handling the boundary conditions in an invariant manner (see
below).

Real analytic regularity of these problems in a strictly pseudoconvex (or nonde-
generate) setting was proved first globally by Tartakoff [T2], Derridj and Tartakoff
[DT7], and Komatsu [Kom] in 1976, with local Gevrey results and even quasian-
alytic results at about the same time [T10], [DT8]. The crucial observation was
that when the Levi form is nondegenerate, one may take a real vector field T;
complementary to the holomorphic tangent space (to the boundary) H, localize it
to obtain  T with  arbitrary, and modify this by a section Y of H so that

Œ T C Y ;H� � H:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 8, © Springer Science+Business Media, LLC 2011
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Local analyticity was proved in 1978, again for strictly pseudoconvex domains
(or nondegenerate ones with maximal estimates) by Tartakoff and Treves inde-
pendently [T4], [Tr4] using, respectively, purely L2 methods and Fourier integral
operators.

The results of Diederich and Fornaess in [DF], however, led one to conjecture
that on weakly pseudoconvex domains one should at least have global analytic
hypoellipticity. Indeed, S.-C. Chen has recently proved global analyticity for certain
domains, including complete Reinhardt domains [Che1], [Che2].

8.1 Statement of the Theorems

The @-Neumann problem is by now well known; we formulate it here for
completeness.

We consider an open submanifold� b �0; �0 a real analytic complex Hermitian
manifold, such that its boundary b� is a real analytic submanifold of�0. We denote
by C1

p;q.�/ the space of .p; q/-forms which belong to C1.�/: The operator @ W
C1
p;q.�/ ! C1

p;qC1.�/ has a formal adjoint @
�
, and Dp;q will denote the subspace

Dp;q D fv 2 C1
p;q.�/ W .@u; v/� D .u; @

�
v/� for all u 2 C1

p;q�1.�/g:

The @-Neumann problem consists in the following: given a .p; q/ form ˛ on �;
find a .p; q/ form u on � satisfying the @-Neumann boundary conditions u 2 Dp;q

and @u 2 Dp;qC1 and such that

Q.u;w/ � .@u; @w/L2.�/ C .@
�
u; @

�
w/L2.�/ D .˛;w/L2.�/; 8w 2 Dp;q

(so that �u D .@ @
� C @

�
@/u D ˛ in �).

It follows from standard arguments that if u is, in addition, say, in C1.�/ and
@˛ D 0; then also @u D 0 and @.@

�
u/ D ˛; with @

�
u orthogonal to the kernel of @:

This is the so-called Kohn solution or canonical solution to @:
Since we are interested in the real analytic regularity of solutions to this problem,

we always assume that the boundary is real analytic and we merely refer to the
previous chapters or [K1], [D3], [T1], and [T3] for the C1 and Gevrey regularity
of u up to the boundary.

Next, we describe the analogous problem for the operator @b and its Laplacian
�b; living on the boundary of�; or, more generally, on a (2n� 1) real dimensional
smooth Cauchy–Riemann (or C-R) manifold � , i.e., the complexified tangent space
CT � D T 1;0 ˚ T 0;1 ˚ N , where the subbundle T 0;1 (D the conjugate of T 1;0)
is assumed integrable and to have trivial intersection with T 1;0 and N has real
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dimension 1: If � is a real nonvanishing one-form that annihilates T 1;0 (and hence
its conjugate T 0;1), it determines the Levi form L� defined on T 1;0 by

L� .V;W / D �i.d�/.v; W /:
(Any other choice � 0 must be of the form f � , and so Lf � D f L� :)

The manifold is called (strongly) pseudoconvex if the form L� is (strictly)
definite. We assume that we are given a Hermitian metric on �; i.e., a Riemannian
metric on � extended to CT � in such a way that T 1;0 ? T 0;1: Let E D .T 1;0 ˚
T 0;1/?: Than ƒp;0 denotes the p-forms in CT � that annihilate E ˚ T 0;1 and ƒp;q

the subbundle ofƒpCq.CT �/ generated byƒp;0^ƒ0;q ; ƒ0;q the conjugate ofƒq;0:

Then @b W C1.ƒp; q/ ! C1.ƒp; q C 1/ is defined by

@b D �p;qC1d;

where �p;qC1 is the orthogonal projection of ƒpCqC1 onto ƒp;qC1: It follows that

.@b/
2 D 0: We denote by @

�
b the adjoint of @b and define

�b D @
�
b @b C @b@

�
b :

We refer to [FK] for full details.
By A.� \ V / we denote the space of all forms that are real analytic up to the

boundary of � in V:

Theorem 8.1. In a neighborhood V of p0 2 @�; let � be strictly pseudoconvex
with real analytic boundary. Then the @-Neumann problem is analytic hypoelliptic
up to the boundary near 0I that is, if u is a solution to the @-Neumann problem and
if ˛ 2 A.� \ V /, then u 2 A.� \ V /:

Theorem 8.2. Let V be a neighborhood of a point p0 in a real analytic, strictly
pseudoconvex C-R manifold �: Let u solve �bu D ˛ in V with ˛ real analytic in V:
Then u is real analytic in V:

Remark 8.1. The analytic regularity result for �b on a strictly pseudoconvex
domain follows from the results we have already proven, in previous chapters, and
we shall not pursue the proof of Theorem 8.2 further.

8.2 Notation and a Priori Estimates

It is convenient to define T D @=@t at this time; in our setting obviously we have
ŒT; Lj � D 0:

(For the proof, however, ŒT; Lj � D 0 mod ffLj g; fLj gg would suffice.)
Our notation for products of noncommuting vector fields is

W Ia D WI1WI2; � � � ;WIa with jIaj D a;
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while D shall stand for any first derivative (always taken from a fixed, finite set of
vector fields) andDtg will stand for anyD that is tangent to �: Standard arguments,
such as the Sobolev embedding theorem cited earlier (see, for example, [T2]), show
that to prove u real analytic in � \ V , it suffices to show (for Theorem 8.1) that for
all V 0 b V;

k.D/Dˇ
tguk2

L2.�\V 0/
� C

jˇjC1
V 0 jˇjŠ 8ˇ; (8.1)

where here and in the sequel, enclosing an operator in parentheses means that it may
or not be present. Thus in this case we may be measuring all tangential derivatives
of jˇj and one nontangential one. The above estimate states the classical fact that it
suffices, using the differential equation, to estimate high order tangential derivatives
in L2 norm, since the boundary is noncharacteristic for any elliptic operator, and �
is always elliptic. For Theorem 8.1, it suffices to estimate for all V 0 b V;

kDˇuk2
L2.V 0/

� C
jˇjC1
V 0 jˇjŠ 8ˇ: (8.2)

We shall sometimes work in a “special boundary chart” in the sense of Ash [Ash]
(see also [FK] for complete details). This means that we take as an orthonormal
frame for T 1;0.�0/ (complex) vector fields QL1; : : : ; QLn�1; QLn with QL1; : : : ; QLn�1
tangent to � and QLnr D 1 on �; r D =w � g.z; z/: In terms of these vector fields

the operator � has the following simpler form: on a .p; q/ form ' D P
'IJ �

I�
q
;

�' D .h2LnLn C
X
j<n

QLj QLj / Id ' C lower order terms;

while the @-Neumann boundary conditions become that on �;

.i/ 'IJ D 0 if n 2 J and .ii/ . QLn CA/'IJ D 0 if n … J; (8.3)

where A is an analytic matrix that reflects the fact that @ is not a homogeneous
operator in general on the coefficients of forms since the frame will not always be
@ closed. These vector fields QLj are just linear combinations of the Lj introduced
above (on the boundary).

8.2.1 Maximal Estimate

Kohn has shown that for pseudoconvex domains in C
n one always has for ' 2 Dp;q

the estimate

X
I;K

0���X
j<n

Lj 'I;jK

���2
L2.�/

C
X
j�n

X
I;M

0kLj'I;Mk2
L2.�/

C
X
I;n2M

0k'I;Mk2
H1.�/

� C
�
Q.'; '/C k'k2L2.�/� ;
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where
P

I;K
0 denotes summation over all strictly increasing indices of length p;K

of length q. Here 'I;jK denotes 0 if j is in K and 'I;hjKi times the sign of the
permutation taking jK into the increasing q-tuple hjKi if j is not in K: From now
on the norms will be taken over � without further mention, and the norm k � k1
denotes the Sobolev 1-norm measuring all first derivatives in L2 norm.

Derridj has shown in [D2] (see also [S1]) that when the boundary is locally
defined by =w D h.jzj2/; one always has a stronger estimate, known as the
“maximal” estimate:

X
I;K

0X
j<n

kLj 'I;Kk2
L2.�/

C
X
j�n

X
I;M

0kLj'I;M k2
L2.�/

C
X
I;n2M

0k'I;M k2
H1.�/

� C
�
Q.'; '/C k'k2

L2.�/

�
; ' 2 Dp;q : (8.4)

In fact, since h.jzj2/ will not be constant, and is real analytic, we also have a
subelliptic estimate:

X
I;K

0X
j<n

kLj 'I;Kk2
L2.�/

C
X
j�n

X
I;M

0kLj'I;M k2
L2.�/

C
X
I;n2M

0k'I;M k2
H1.�/

C
X
I;M

0k'I;M k2".�/ � C
�
Q.'; '/C k'k2

L2.�/

�
; ' 2 Dp;q ; (8.5)

for some " and all ' 2 Dp;q supported in a fixed neighborhood of p0 (cf.
[K2]). Here the norm k � k".�/ denotes the Sobolev "-norm in �I that is, in local
coordinates, we may define a tangential Laplacian ƒtg with symbol .1C j� 0j2/1=2;
� 0 D .�1; : : : ; �2n�1/, and then define

kwk2".�/ D kƒ"tgwk2
L2

C kƒ"�1
tg Dnwk2

L2
:

This definition is of course not invariant, but different choices of local coordinates
and normal derivatives Dn give equivalent a priori estimates in view of the
noncharacteristic nature of the boundary.

Actually, we do not use the subelliptic estimate. What we do use is a compactness
estimate (which follows easily from the subelliptic one): for arbitrary K there exists
a constant CK such that

X
I;K

0X
j<n

kLj 'I;Kk2
L2.�/

C
X
j�n

X
I;M

0kLj'I;M k2
L2.�/

C
X
I;n2M

0k'I;M k2
H1.�/

C K
X
I;M

0k'I;Mk20.�/ � CQ.'; '/C CKk'k2�1.�/; ' 2 Dp;q : (8.6)

We shall take Dn D V on the boundary to be JT; J the complex structure tensor
from C

n. Then as in [T4], [T5], we write X1; : : : ; X2n�2 for the real and imaginary
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parts of the Lj ; j < n, so far defined only on �; and extend the Xj and T; as well
as V , in such a way that near �;

ŒXj ;V � D ŒXj ; T � D ŒXj ;V � D 0 .and so ŒŒXj ;Xk�;V � D 0/; (8.7)

and also so that it continues to be the case that V D JT: In fact, we start by using the
Cauchy–Kovalevskaya theorem to extend V in such a way that ŒV ; JV � D 0 near �:
Then extending the Xj and T via ŒXj;V � D 0 and T D qV ; it follows that ŒXj ; T �
is zero near � , since ŒV ; ŒXj ; T �� D 0 by the Jacobi identity.

For later use, we also list the maximal estimate for �b in the quadratic form
sense, proved in this context by Grigis–Sjöstrand [GS]: for arbitrary K there exists
a constant CK such that for all ' 2 Dp;q;

X
I;K

0kXj'k2
L2

C K
X
I;K

0k'I;Kk2
L2

� CQb.'; '/C CKk'k2�1; (8.8)

where

Qb.v;w/ D .@bv; @vw/L2 C .@
�
b v; @

�
bw/L2 : (8.9)

To prove Theorem 8.1, we shall insert ' D  Y Iau 2 Dp;q into (8.6) with
 of compact support, with each Y denoting T or an X: While u satisfies the
@-Neumann boundary conditions,  Y Iau will satisfy in general only the first of
them, even though ŒLn;X or T � D 0 on the boundary. It will, however, be very
useful to use localizing functions  such that Ln D 0 on the boundary. But this
is easy: we may specify  to be arbitrary on the boundary and let the equation

Ln D 0 on � (8.10)

determine the normal derivative of  on the boundary. Then any extension off of �
with this normal derivative will do: it may easily be taken to have compact support
in the whole space, and, as we shall see later, satisfy rather stringent conditions on
how its high derivatives grow. Actually, for later reference, we indicate here how
to prescribe cut-off functions like  above but taht have Ln D 0 to high order
on �: since Lnr D 1 on the boundary, if we initially extend an arbitrary  to be
independent of s D =w; and with this  let

 .m/ D
X
j�m

.�ir/j T j =j Š; (8.11)

it follows that indeedLn .m/ D 0 to high order on �;whileLn .m/ D .T  /.m�1/C
.T  /.m/. Note that may be arbitrary on � and we may multiply .m/ by a function
equal to one near � but vanishing outside a small neighborhood of �: Usually we
shall drop the subscript on  .m/:
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While it is quite clear that the estimation of  Y Iau for arbitrary Ia will be the
most difficult when Y Ia D T a; estimating these derivatives, as we shall see, will
lead us to estimate arbitrary Y Iau; so it is plainly best to do them all at the same
time.

For this problem, smooth functions satisfying these boundary conditions do not
satisfy a “coercive” or “elliptic” a priori estimate as would the Dirichlet or Neumann
boundary conditions, but rather, for many domains of interest including the “strictly
pseudoconvex” domains (the biholomorphic images of strictly convex domains) a
subelliptic one reminiscent of those we have studied and, in fact, our starting point
in the creation of .T p/' :

kjvkj21
2 ;t

. j.�v; v/L2.�/j C kvk20; v 2 D.@�
/;

which in terms of complex analysis may be written

kjvkj21
2 ;t

. Q.v; v/L2.�/ C kvk20;

where we use the notation

� D @@
� C @

�
@

and
Q.v;w/ D .@v; @w/C .@

�
v; @

�
w/:

The boundary condition v 2 D.@�
/ is self-explanatory, where @

�
is theL2 adjoint

of @
�
. The remarkable thing about this formulation of the @-problem is that a solution

u 2 D.@�
/ to

Q.u; v/ D .f; v/ 8v 2 D.@�
/

with @f D 0 automatically satisfies �u Df (taking all v 2 C1
0 .�//, and conse-

quently, integrating by parts for arbitrary v 2 D.@�
), one finds that @u D 0 in �

(and is smooth up to the boundary if f is) and thus that

@.@
�
u/ D f:

This solution, w D @
�
u to @w D f given @f D 0, is called the “canonical” or

“Kohn” solution, and the operator f ! w D Nf the Neumann operator.
This estimate is on forms, for convenience taken to be of type .0; 1/; satisfying

the @-Neumann boundary conditions. The norm kjvkj21
2 ;t

here stands for

kjvkj21
2
;t

D kƒ1=2
tg vk2

L2.�/
C kƒ�1=2

tg Dnvk2
L2.�/

in local coordinates, where ƒtg is the pseudodifferential operator with symbol
.1C j� 0j2/1=2 andDn is differentiation normal to the boundary of�:
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In working with this estimate, both in order to prove C1 regularity and higher
regularity, one needs to put the boundary conditions in “translation-invariant” form,
so that one may split tangential operations and normal ones. This can be done, using
the “special frames” of J.J. Kohn, so that component-wise, tangential differentiation
preserves the boundary conditions. In the simplest (flat) case, admittedly not strictly
pseudoconvex, the boundary conditions (in C

n;=zn � 0) are that

• The nth component, vn; vanishes on the boundary of � and the free boundary
condition (automatically satisfied by a solution) that permits us to solve @ itself
is that

• the (complex) normal derivative of the remaining components vanishes on the
boundary: @w=@zn!j D 0 on @�; j < n:

The proofs in previous chapters carry through, if one is careful to treat tangential
differentiation first and then use the philosophy that tangential information plus use
of the equation will provide normal information as well, provided the boundary is
noncharacteristic, which is certainly the case here, since � is elliptic.

Thus, for instance, we mollify tangentially, choose our normal derivative in such
a way that it commutes with the tangential operators, etc.

When it comes to defining .T p/'; or .T p/' �; we do so tangentially only, but in
a way that is “constant near the boundary” so that ŒDn; .T

p/' �� D 0; for instance.
Finally, general strictly pseudoconvex domains do not involve the Heisenberg

group vector fields, but still have the same nondegeneracy condition, referred to
as “symplecticity”: in the special complex local frame, there are complex vector
fields fL1; : : : ; Lng with Lj tangential to the boundary of � for j < n (i.e., they
annihilate the defining function of the boundary), and also T D Ln � Ln; with the
fLj ;Lkg independent and the crucial matrix cjk given by

ŒLj ; Lk� � cjkT mod fL`;L`g

with
det cjk ¤ 0:

The matrix cjk is called the Levi matrix.
Under these conditions, the celebrated theorem of Darboux ensures the existence

of real coordinates such that the real span of the fLj ;Lkg; j; k <n, on the boundary
is the same as that of the Heisenberg group vector fields commuting with T:

8.3 The Heat Equation for �b

Together with Nancy Stanton, we have studied the partial regularity of the heat
equation for �b on strictly pseudoconvex domains in [ST1], [ST2].

While the main thrust of the longer of those two references [ST2] was the
establishment of a heat kernel, we also looked at Gevrey/analytic regularity.
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Perhaps because the problem split so cleanly into time and space, it came as no
surprise that we were able to show that while mixed derivatives and purely time
derivatives grew in G2; purely spatial derivatives of the solution grew analytically.

In fact, although we did not state this explicitly, mixed derivatives would grow as
a mixture of the two: locally and uniformly in `; 	,

jD`
t D

	
xuj � C `Cj	j`Š.	Š/2:

The proof is a direct application of the present techniques.

8.4 Weakly Pseudoconvex Domains

For less-pseudoconvex domains, for example with some zero eigenvalues of the
Levi matrix at certain points, the local and global analytic regularity is less well
understood, though subellipticity still forces local C1 and Gevrey regularity with
the critical Gevrey index tied to the degree of subellipticity.

8.5 Global Regularity

The global situation is quite different: while the global regularity results (even real
analytic ones) are far simpler to prove than local ones, owing to the possibility of
far less subtle localization, there are a weakly pseudoconvex domain (the “worm
domain”) with smooth boundary on which the @-Neumann problem is not globally
C1-hypoelliptic (in C

2) and also a bounded domain in C
2 with real analytic

boundary on which this problem is not real analytic hypoelliptic (cf. [Chr6], [Chr3]).
By contrast, the global analytic regularity for strongly pseudoconvex domains was
proved by Boutet de Monvel [B2] in Stein manifolds in a very brief paper using an
ingenious argument.





Chapter 9
Symmetric Degeneracies

9.1 Weakly Pseudoconvex Domains

As a first step in treating weakly pseudoconvex domains, in 1988 [DT1] Derridj and
Tartakoff treated certain kinds of spherically symmetric degeneracies. That is, the
domain was given, for real analytic h.s/; by

=w > h.jz0j2/; h.s/ > 0; s ¤ 0; h.0/ D 0;

and both �b and the @-Neumann problems were shown to be locally real analytic
hypoelliptic at the origin in C

n; where z D .z1; : : : ; zn�1/:
Since h.s/ is real analytic, its zero at the origin is of finite order, and it is

not difficult to show that one has a subelliptic estimate for both problems [Hö1],
[RS] and also a “maximal” estimate in which all of the tangential holomorphic and
antiholomorphic vector fields are bounded optimally. That is, with

g.z; z/ D h.jzj2/;

Lj D @

@zj
C igzj

@

@t
D @

@zj
C izj h

0.jzj2/ @
@t

working for now with �b ; and the frame fL1; : : : ; Ln�1g and its conjugate,
fL1; : : : ; Ln�1g; (with ŒLj ; Lk� D 0;) and the compact maximal estimate, expressed
in terms of the components fvj gj<n of a form of type .0; 1/; resembles one we have
seen before: for allK; there exists a constant CK such that

n�1X
1

˚kLj vkk20 C kLj vkk20 CKkvjk20
�

. Qb.v; v/C CKkvk2�1 (9.1)

with the usual definition, as above, of Qb:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 9, © Springer Science+Business Media, LLC 2011
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Now, since h.s/ is real analytic, it satisfies a relationship of the form

h0.s/C sh00.s/ D �

2
h0.s/

(suppose, in the power series for h at the origin, the first nonzero coefficient is amI
then

h0.s/C sh00.s/ D
1X
m

.1C j /aj s
j D �

2
h0 .s// :

Now as before, what will matter is to counteract the coefficient of

T D @

@t

in the bracket

ŒLj ; 'T � � .Lj '/T mod fLk; Lkg
and, if possible, to do so with a linear combination of the Lm: Then we should be
able to add the conjugate of that correction, which will work for brackets with Lj ;
and all errors in brackets with �b will be in “directions” optimally controlled by the
estimate above.

Fortunately, we do not have far to look.
A first observation is that any localizing function ' need depend only on t; since

if we write a general localizing function as a product

'.z; z; t/ D '1.z; z/ '2.t/;

and a derivative lands on '1; the support of that derivative of '2 will be in a region
where jzj is bounded away from zero and the Levi form is invertible, a case already
well studied in [T4] and [Tr4]; hence the solution is known to be analytic there.

Once the localizing function may be viewed as a function of t alone, the above
reads

ŒLj ; 'T � D .igj 't /T;

since ŒLj ; T � D 0:

Now the vector field

M D ��1X zkLk

has the needed properties if� is defined as above, since a straightforward calculation
gives

ŒLj ;M� D �igzj T C ..Lj�
�1/�/M ;
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and hence, writing ' 0 for 't , since we have seen that in effect, ' need only depend
on t , we have

ŒLj ; 'T C '0M� D .Lj '/T C 't ŒLj ;M�C Lj .'
0/M

D igzj '
0 T C ' 0f�igzj T C ..Lj�

�1/�/M g C igzj '
00M

D '0..Lj��1/�/M C igzj '
00M:

The next step should be (and is)

"
Lj ; 'T

2 C ' 0MT C '00M
2

2Š

#
D �

Lj ; 'T C ' 0M
�
T C

h
Lj ; '

00M2
=2
i

D ' 0..Lj��1/�/MT C igzj '
00MT

C igzj '
00M2

=2C '00ŒLj ;M�M=2

C'00MŒLj ;M �=2

D ' 0..Lj��1/�/MT C igzj '
00MT

C igzj '
00M2

=2C '00˚ � igzj T:

C ..Lj�
�1/�/M

�
M C ' 00�M;�igzj T

C ..Lj�
�1/�/M

�
=2

D ' 0..Lj��1/�/MT C igzj '
00M2

=2

C ..Lj�
�1/�/M2 � i' 00.Mgzj /T=2

C'00M..Lj�
�1/�/M=2;

but here the algebra seems to become too complex to handle. And the first term on
the right lacks the essential gzj to go with T; which is all that we have been able to
correct so far.

But we do have

ŒM ;Lk� D igzkT C ekM; where ek D .Lk�
�1/�;

and

Mgzj D ��1X zk
@

@zk
gzj D ��1X zk

@

@zk
zj h

0.jzj2/

D ��1X zk
˚
ıjkh

0.jzj2/C zj zk h
00.jzj2/�

D ��1zj
˚
h0.jzj2/C jzj2 h00.jzj2/� D ��1 .�=2/ zj h

0.jzj2/ D gzj =2;
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so that
ŒM ; ŒM;Lj �� D i.gzj =2/T C .Mej /M

etc., and in general,

ad`
M
Lj D i.gzj =2

`�1/T C .M
`�1
ej /M:

Our aim, then, is to build more complicated sums of powers of M and M to
correct 'T p. But since each step is to correct the previous one, perhaps modulo
some terms of precisely balanced lower order, we are obliged to seek coefficients
QAa
a0 ; A

a

a0 and set

QNa D
X

0�a0�a
QAaa0

Ma0

a0Š
; N b D

X
0�b0�b

Abb0

M
b0

b0Š
:

For suitably chosen QAa
a0 andAaa0 , to be made precise below, we have the following

result.

Proposition 9.1. The operators QNa and Nb satisfy the following commutation
relations: for a; b � 1;

ŒLk;N b� D �igzkN b�1T �
bX

jCb00D1
S
b00Cj
j 2�j e

.b00�1/
k

M

b00Š
N b�.b00Cj /; (9.2)

where

e
.d�1/
i D M

d�1
..Lj�

�1/�/; � D �.jzj2/;

ŒLi ; N b� D �
bX

kCb00D1
Sb

00Ck
k 2�kN b�.b00Ck/ �

 
e
.b00�1/
i;1 Li C e

.b00�1/
i;2 M

b”Š

!
; (9.3)

where

e
.b00�1/
i;1 Li C e

.b00�1/
i;2 M

d�1 D adb
00

M
.Li/;

ŒLi ; QNa� D QNa�1igzi T

C
aX

jCa00D1
S
a00Cj
j .�2/�j e

.a00�1/
i;3 M

a00Š
QNa�.a00Cj /;

(9.4)

where

e
.a00�1/
i;3 D Ma00�1..Li��1/�/; � D �.jzj2/;
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and

ŒLi ; QNa� D
aX

kCa00D1

 
e
.a00�1/
i;4 Li C e

.a00�1/
i;5 M

a00Š

!
� .�2/�kSa00Ck

k
QNa�.a00Ck/; (9.5)

where
e
.a00�1/
i;4 Li C e

.a00�1/
i;5 M D � eada

00

M
.Li /;

and

ad cAB D ŒŒ: : : ŒB;A�; A�; : : : ; A�; ead cAB D ŒA; ŒA; Œ: : : ; B�� : : :�:

Here the Sdc are suitably bounded constants that permit us to raise and lower
indices:

Apq D
p�qX
jD0

S
cCj
k

Ap�.cCj /
q�c ;

and the Aaa0 and QAaa0 ; are actually chosen by recursion, for in order to have, for
example, (9.2), it turns out by a simple calculation that we need

X
b0�b

Abb0

b0X
b00D1

1

b00Š
1

2b
00�1 gzkT

M
b0�b00

.b0 � b00/Š
D gzkN b�1T;

and so we must have

X
b0�b

Abb0

b0X
b00D1

1

b00Š
1

2b
00�1

M
b0�b00

.b0 � b00/Š
D Nb�1 D

X
b1�b�1

Ab�1
b1
.M

b1
=b1Š/;

which in turn requires, equating coefficients of like powers of M; that for each b1
(summing over all pairs .b0; b00/ with b0 � b00 D b1),

b�b1X
b00D1

Abb1Cb00

1

b00Š
1

2b
00�1 D Ab�1

b1
:

Similarly, the condition on QAa
a0 turns out to be that

QAaa0 D .�1/.a�a1/Aaa1 :

Things become a bit more transparent if we write Abb0 D 2b
0�bBb

b0 : Then the
requirement is that we have Bq

q D 1 for each q and, for each b and b1;

b�b1X
b00D1

Bb
b1Cb00

1

b00Š
D Bb�1

b1
: (9.6)
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Lemma 9.1. The unique solution to (9.6) with Bq
q D 1 for all q and Bq0 D .�1/q

for all q is given by

Br
s D

 �
t

et � 1

�rC1!.r�s/
.0/=.r � s/Š

D the coefficient of t r�s in

�
t

et � 1
�rC1

:

Proof. A straightforward expansion, using Leibnizs’ rule, of

 �
t

et � 1
�b�1 �

et � 1

t

�!.b�1�b1/
.0/=.b � 1 � b1/Š

together with the fact that
�
et�1
t

�.s/
.0/=sŠD 1=.s C 1/Š yields (3.8). Uniqueness

is clear from the recurrence formula. We merely refer to Hirzebruch’s book [Hi],
Lemma 1.7.1, for the initial conditionsBq0 D .�1/q; since we make no use of them.

ut
Proposition 9.2. The results of commuting QNa and Nb with functions are as
follows:

Œ QNa; f .z; z; t/� D
aX

jCkD1

Mkf

kŠ
.�2/�j SkCj

j
QNa�.jCk/

and

ŒN b; f .z; z; t/� D
bX

jCkD1

M
k
f

kŠ
2�j SkCj

j N b�.jCk/:

We will see the proof in the next chapter.

Lemma 9.2. There exists a constant C such that for s � r we have

jBr
s j � C r :

Proof. The Cauchy integral formula reads, in view of the definition of N ,

Br
s D 1

2�i

Z �
�

e��1
�r�1

�r�sC1
d�;

since �=.e� � 1/ is holomorphic, where the integration is over a small contour
containing the origin. On such a contour the integrand is bounded by Cr (recall
that r � s > 0 in the definition of N ). ut

Lemma 9.3. There exists a constant C such that for s � r ,

jSrs j � C r;
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Proof. This follows from a close examination of the definition of Brs above, which
allows us to see that Srs is the sum of all di1di2 � � �dir such that

P
ij D s; and for

each k; ik 2 f0; 1; : : : ; k�1g;where dj D .r=.et�1//.j /.0/=j Š. Clearly, jdj j � Aj

for some universal constant A; so each product is bounded by As in absolute value.
Thus Srs is bounded by As times the number of partitions of s into r nonnegative

integers subject to the above conditions. But this number of partitions is the
coefficient of t s in .1/.1 C t/.1 C t C t 2/ � � � .1 C t C � � � C t r�1/; which is less
than the coefficient of t s in .1C t C t2 C � � � /r�1 D .1=.1� t//r�1:

But this coefficient in absolute value is less than 4r ; as may be seen by
differentiation or using the Cauchy integral formula again. Since s � r; there is
a constant satisfying the lemma. ut

In earlier chapters, a lot of technical work was avoided by picking a simple real
change of coordinates that transformed the vector fields in such a way that the
new vector fields, called X and Y , had the property that the Y were pure partial
derivatives and would thus commute with the partial derivatives on X , - i.e., so that
the “derivative part” of X could pass through Y and onto the function to the right,

XYw D coeff.Yw0/;

and the coefficients taken to the right if desired,

XYw D coeff.Yw0/ D .Yw0/ ı coeff;

or more specifically,

XY w D
	
@

@x
� y @

@t



@

@y
w D @

@y

@

@x
w � y

@

@y

@

@t
w

D Ywx � yYwt D Ywx � .Ywt / ı y:

In this sense we were able to “commute” Y past X and onto w; and this served
our purposes.

This drastic simplification is not available to us in the complex case, unfortu-
nately, since no such coordinate change is available.

A substitute exists, however, by splitting the QNa and Nb; for in so doing when
the indices aren’t balanced as needed for .T p/' there will be either extraM ’s orL’s
on the extreme left of ' or extra M ’s or L’s to the extreme right - in between will
be the balanced .T Qp/ Q' W
Definition 9.1. For any m � 0 and any function '.z; t/ let

.T m/' D
X

aCb�m
QNa ı ..@=@t/aCb'/ ıNb T

m�.aCb/;

and
GAI' D LIT p.T m/.@=@t/r 'T

sL
q
:
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Then, much as in Chap. 4, with

A D .m; p; q; r; I; q/;

jAj D mC p C q C r C jI j C q;

kAk D jAj C p C q;

(counting free T derivatives twice because they arise from two Z’s), we recall the
following definition

Definition 9.2. An expression such as GAI' in the above proposition is admissible
if jI C qj > 0; i.e., if it contains an L or an L) and simple if it is inadmissible and
m D 0 (i.e., if it contains no L or L and no .T m/ Q'/:

Proposition 9.3. Let GAI' D LIT p.T m/.@=@t/r 'T
sL

q
: Then

ŒGAI'; Lj or Lj � D �GAŒ0�I'zj or zj
C QGAŒ0�I'

where GAI' D P
j�j�0 f.�/GA.�/I' with jD�f.�/j � C j�C� jj� jŠ 8˛;

jA.�/j � jAj � j�j; kA.�/k � kAk C 1;

and
jjj QGAŒ0�I' jjjN � jjjLjGAI' jjjN :

If m ¤ 0; and jI C qj D 0 (in the original A), then QGAŒ0�I' is admissible.

For brackets with functions we have, as in Chap. 4,

Œ.T p/'; a� D
X

Cp;˛1;ˇ1;j .y/
ˇ00

2 C˛12 .Y
˛1Xˇ1T j a/

˛1Šˇ1Šj Š

ıLˇ0

2

�
T p�j�j˛12Cˇ12j

�
'
.ˇ00

2 Cˇ12C˛12/
L
˛2
;

and Cp;˛1;ˇ1;j . Cjpj�t ;

D
X

tCjCj� j�p

tDt1Ct02Ct002

F
.˛1Cˇ1Cj /
.0/

.y/t
00

2 C� Lt20
pt20

pj

pt
00

2

.T p�j�j� j/
'
.j� jCt002 /

L
t1

pt1
ZZu;

where each Z is either an L or an L; and with the same norm results. From this
point onward, the analysis continues as in Chap. 4, permitting us to conclude that
the solution is real analytic when this is true of the right hand side.



Chapter 10
Details of the Previous Chapter

In this chapter we provide the details of the previous chapter, some of which may
seem rather forbidding. The aim was to prove local real analytic hypoellipticity (at
the origin) in both the @-Neumann problem and for �b; for pseudoconvex domains
that are locally of the form =w > h.jzj2/ with h.z/ real analytic (and not constant),
h.0/ D 0: These results were announced in [DT9] and presented in extended form
in [DT1]. Again, we use purely L2 methods generalizing those of Tartakoff [T4],
[T5], and use results of Derridj and Grigis–Sjöstrand [D3], [GS] that show that one
has “maximal” estimates for such domains. (It is worth noting that we make no
use of subellipticity per se; a compactness estimate would suffice.) We also need to
construct a special holomorphic vector field M that in a sense takes the place of the
modifications of  T cited above and used in [T4].

We must apologize for quoting here a few pages of the previous chapter. This
chapter is in fact self-contained, but only by doing so, whereas the previous chapter
was intended to give more of an outline, with much left to be filled in, specifically
proofs.

10.1 Statement of the Theorems

Theorem 10.1. Let V be a neighborhood of a point p0 in a real analytic,
pseudoconvex C-R manifold � that is locally given in C

n by =w D h.jz2j/ with
h real analytic and not identically constant. Let u solve �bu D ˛ in V with ˛ real
analytic in V: Then u is real analytic in V:

Theorem 10.2. In a neighborhood V of p0 2 @�; let � be pseudoconvex and
given by =w > h.jzj2/ with h real analytic and not identically constant. Then the
@-Neumann problem is analytic hypoelliptic up to the boundary near 0I that is, if u
is a solution to the @-Neumann problem and if ˛ 2 A.� \ V / then u 2 A.� \ V /:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 10, © Springer Science+Business Media, LLC 2011
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10.2 The Vector Field M and the Localization

The first proposition prepares the important vector field M, which will allow us to
correct errors that arise when derivatives fall on the localizing functions.

Proposition 10.1. There exists a real, real analytic function �.s/; nonzero at the
origin, such that M D ��1P

j<n zj Lj satisfies

ŒLj ;M� D �igzj T C .Lj�
�1/�M: (10.1)

Proof. The function h.s/ that occurs in the defining function =w � h.jzj2/ is real
analytic and hence satisfies a relation of the form

h0.s/C sh00.s/ D .�.s/=2/h0.s/; �.0/ ¤ 0; (10.2)

as may be seen by power series: if h0.s/ D P1
m aj s

j with am ¤ 0; then h0.s/ C
sh00.s/ D P1

m .1 C j /aj s
j D .�.s/=2/h0.s/: With this choice of the function �;

since Lj D @=@zj C igzj @=@t and g.z; z/ D h.jzj2/; z D .z1; : : : ; zn/; we have

ŒLj ;M � D
"
Lj ; �

�1X
k<n

zkLk

#
D .Lj�

�1/�M C ��1.jzj2/
X
k<n

zkŒLj ;Lk�

D .Lj�
�1/�M C ��1X

k<n

zk.�2i/f.zkzj h
00.jzj2/C ıjkh

0.jzj2/gT

D .Lj�
�1/�M � 2i��1zj fjzj2h00.jzj2/C h0.jzj2/gT

D .Lj�
�1/�M � 2i��1zj f.�=2/h0.jzj2/gT

D .Lj�
�1/�M � igzj T:

ut
Note that in particular, for any function �; in view of (10.1),

ŒLj ; �T C �tM � D Lj .�/T � igzj �tT C Lj .�t /M C �t .Lj�
�1/�M

D �zj T C Lj .�t /M C �t .Lj�
�1/�M:

We shall choose our cut-off functions so that �zj is zero near the degeneracies of
the Levi form, so that where �zj is nonzero, the analyticity of the solution is known
by [T4], [T5], and [Tr4], so that we shall be able to treat terms with �zj easily. This
is the “first correction” of �T as in [T4]. But the higher-order generalization is not
straightforward: the “simple” sum

X
aCb�p

Ma.T aCb�/Mb
T p�.aCb/=aŠbŠ;
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which was so useful in [T4], will not work here, because of the presence of non-
trivial higher-order commutators. Still, there is a replacement for this expression,
which we proceed to formulate.

Definition 10.1. Let

QNa D
X

0�a0�a
QAaa0.M

a0

=a0Š/ and Nb D
X

0�b0�b
Abb0.M

b0

=b0Š/;

where
QAaa0 D .�2/a0� aBa

a0 and Abb0 D 2b
0� bBb

b0

with

Br
s D

 �
t

et � 1

�rC1!.r�s/
.0/=.r � s/Š

D the coefficient of t r�s in

�
t

et � 1

�rC1

D
X

P
ijDr�s

di1di2 � � �dirC1
;

where

dk D
�

t

et � 1
�.k/

.0/=kŠ:

We also define
Srs D

X
P
ij Ds

ik2f0;1;:::;k�1g

di1di2 � � �dirC1
:

Proposition 10.2. The operators QNa and Nb satisfy the following commutation
relations: for a; b � 1;

ŒLk;N b� D �igzkN b�1T �
bX

jCb00D1
S
b00Cj
j 2�j e

.b00�1/
k M

b00Š
N b�.b00Cj /; (10.3)

where

e
.d�1/
i D M

d�1
..Lj�

�1/�/; � D �.jzj2/;

Li ; N b D �
bX

kCb00D1
Sb

00Ck
k 2�kN b�.b00Ck/ �

 
e
.b00�1/
i;1 Li C e

.b00�1/
i;2

b”Š

!
; (10.4)
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where

e
.b00�1/
i;1 Li C e

.b00�1/
i;2 M

d�1 D adb
00

M
.Li /;

Li ; QNb D QNa�1igzi TC
aX

jCa00D1
S
a00Cj
j .�2/�j e

.a00�1/
i;3 M

a00Š
QNa�.a00Cj /;

(10.5)

where

e
.a00�1/
i;3 D Ma00�1..Li��1/�/; � D �.jzj2/;

and

ŒLi ; QNa� D
aX

kCa00D1

 
e
.a00�1/
i;4 Li C e

.a00�1/
i;5 M

a00Š

!
� .�2/�kSa00Ck

k
QNa�.a00Ck/; (10.6)

where

e
.a00�1/
i;4 Li C e

.a00�1/
i;5 M D � eada

00

M
.Li /

and

ad cAB D ŒŒ: : : ŒB;A�; A�; : : : ; A�; ead cAB D ŒA; ŒA; Œ: : : ; B�� : : :�:

Proof. First we show that ŒLk;N b� � �igzkN b�1T modulo terms with all M ’s.
We have

ŒLk;M
c
�

cŠ
D �

X
c0�c

 
ad c

0

M
Lk

c0Š

! 
M

c�c0

.c � c0/Š

!
:

Now

ŒM ;Lk� D igzkT C ekM; where ek D .Lk�
�1/�;

and as in the proof of Proposition 10.1,

ŒM ; igzk � D igzk=2:

Thus

ŒM ; ŒM;Lk�� D 1

2
igzkT C e

.1/

k
Mek;

and in general

ad d
M
.Lk/ D 1

2d�1 igzkT C e
.d�1/
k M;
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where e.d�1/
k D M

d�1
ek D M

d�1
.Lk�

�1/�: Thus

ŒLk;N b� D
X
b0�b

Abb0 ŒLk;M
b0

=b0Š�

D �
X
b0�b

Abb0

b0X
b00D1

1

b00Š

�
i

2b
00�1 gzkT C e

.b00�1/
k M

�
M

b0�b00

.b0 � b00/Š
: (10.7)

Now in order to have

X
b0�b

Abb0

b0X
b00D1

1

b00Š
�i
2b

00�1 gzkT
M

b0�b00

.b0 � b00/Š
D �igzkN b�1T;

we must have

X
b0�b

Abb0

b0X
b00D1

1

b00Š
i

2b
00�1

M
b0�b00

.b0 � b00/Š
D Nb�1 D

X
b1�b�1

Ab�1
b1
.M

b1
=b1Š/;

which in turn requires, equating coefficients of like powers of M; that for each b1
(summing over all pairs .b0; b00/ with b0 � b00 D b1),

b�b1X
b00D1

Abb1Cb00

1

b00Š
i

2b
00�1 D Ab�1

b1
:

Things become a bit more transparent if we write Ab
b0 D 2b

0�bBb
b0 : Then the

requirement is that we have Bq
q D 1 for each q and, for each b and b1;

b�b1X
b00D1

Bb
b1Cb00

1

b00Š
D Bb�1

b1
: (10.8)

Lemma 10.1. The unique solution to (10.8) with Bqq D 1 for all q andBq
0 D .�1/q

for all q is given by

Br
s D

 �
t

et � 1
�rC1!.r�s/

.0/=.r � s/Š

D the coefficient of t r�s in

�
t

et � 1

�rC1
:

ut

Proof. A straightforward expansion, using Leibniz’s rule, of

 �
t

et � 1
�b�1 �

et � 1

t

�!.b�1�b1/
.0/=.b � 1 � b1/Š
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together with the fact that
�
et�1
t

�.s/
.0/=sŠ D 1=.s C 1/Š yields (3.8). Uniqueness

is clear from the recurrence formula. We merely refer to Hirzebruch’s book [Hi],
Lemma 1.7.1, for the initial conditionsBq

0 D .�1/q; since we make no use of them.
For the second half of the first part of Proposition 10.2, we must consider

X
b0�b

Abb0

b0X
b00D1

1

b00Š

�
e
.b00�1/
k

M
� M

b0�b00

.b0 � b00/Š

and must use the proposition below to lower the lower index b0 onA to make it agree
with the factorials and powers of M: Assuming this for the moment, we complete
the proof of (10.3):

X
b0�b

Abb0

b0X
b00D1

1

b00Š

�
e
.b00�1/
k M

� M
b0�b00

.b0 � b00/Š

D
X

1�b0
�b

j�b�b0

S
b00Cj
j A

b�.b00Cj /
b0�b00

b0X
b00D1

1

b00Š

�
e
.b00�1/
k M

� M
b0�b00

.b0 � b00/Š

D
bX

jCb00D1
S
b00Cj
j

�
e
.b00�1/
k

M
�
Nb�.b00Cj /:

The proof of (10.4) is simpler and follows the same lines. The proofs of the last two
parts of the proposition are virtually the same. ut
Proposition 10.3. For any p; q; and c; we may shift lower indices:

Bp
q D

p�qX
jD0

S
cCj
k Bp�.cCj /

q�c ;

and so

Apq D
p�qX
jD0

S
cCj
k Bp�.cCj /

q�c

and

QApq D
p�qX
jD0

S
cCj
k

QAp�.cCj /
q�c :
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Proof. We recall the alternative definition Bp
q D P

di1di2 � � �dipC1
, where the sum

is over all fij g with
P
ij D p � q: Then it is easy to see that we may write

Bp
q D d0B

p�1
q�1 C d1B

p�1
q C d2B

p�1
qC1 C � � � C dp�qBp�1

p�1

D d0

�
d0B

p�2
q�2 C d1B

p�2
q�1 C d2B

p�2
q C � � � C dp�qBp�2

p�2
�

C d1

�
d0B

p�2
q�1 C d1B

p�2
q C d2B

p�2
qC1 C � � � C dp�q�1Bp�2

q�2
�

C � � � C dp�qd0Bp�2
q�2 D � � � :

We continue to expand each B until it reaches q0 D q � c: Since this implies that in

each case the next-to-last step must have been of the form B
p0C1
q�cC1; the last dj must

have been zero. And so just before reaching this next-to-last step, such a term must

have been either Bp0C2
q�cC2 or Bp0C2

q�cC1; since the lower index can decrease by at most
one, and if the previous term had had lower index q�c;we would have stopped then.
This means that the next-to-last dj must have been either zero or one. Continuing in
this fashion, and reversing the ordering of the dj ; we see that the restriction on the
size of each dj in the proposition must hold. Finally, it is clear from the successive
reductions above of the upper index in the proof that at the j th step, the sum of the
lower index plus the indices of all the dj that go with a given term equals q � j:

Thus when we stop reducing a given term because its lower index has reached q�c;
the sum of the indices on the dj that accompany it must be c: ut
Remark 10.1. We may express the coefficient Sbc as

Sbc D G.t/
@

@t
G.t/

@

@t
� � �G.t/ @

@t„ ƒ‚ …
c

G.t/.b�c/.0/=cŠ; (10.9)

where

G.t/ D
�

t

et � 1

�
:

Proposition 10.4. The results of commuting QNa and Nb with functions are as
follows:

Œ QNa; f .z; z; t/� D
aX

jCkD1

Mkf

kŠ
.�2/�j SkCj

j
QNa�.jCk/

and

ŒN b; f .z; z; t/� D
bX

jCkD1

M
k
f

kŠ
2�j SkCj

j N b�.jCk/:

Proof. A direct application of Proposition 10.3 and Definition 10.1. ut
Lemma 10.2. There exists a constant C such that for s � r we have

jBr
s j � C r :
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Proof. The Cauchy integral formula reads, in view of Definition 10.1,

Brs D 1

2�i

Z �
�

e��1
�r�1

�r�sC1
d�;

since �=.e� � 1/ is holomorphic, where the integration is over a small contour
containing the origin. On such a contour the integrand is bounded by Cr (recall
that r � s > 0 in Definition 10.1). ut
Lemma 10.3. There exists a constant C such that for s � r;

jSrs j � C r :

Proof. By definition, Srs is the sum of all di1di2 � � �dir such that
P
ij D s; and

for each k; ik 2 f0; 1; : : : ; k � 1g; where dj D .r=.et � 1//.j /.0/=j Š Clearly,
jdj j � Aj for some universal constant A; so each product is bounded by As in
absolute value. Thus Srs is bounded by As times the number of partitions of s into r
nonnegative integers subject to the above conditions. But this number of partitions
is the coefficient of t s in .1/.1 C t/.1 C t C t2/ � � � .1 C t C � � � C t r�1/; which is
less than the coefficient of t s in .1 C t C t2 C � � � /r�1 D .1=.1 � t//r�1: But this
coefficient in absolute value is less than 4r ; as may be seen by differentiation or
using the Cauchy integral formula again. Since s � r; there is a constant satisfying
the lemma.

Definition 10.2. For anym; a; b; d and any function ‰.z; t/; let

.T m/‰ D
X

aCb�m
QNa ı ..@=@t/aCb‰/ ıNb T

p�.aCb/

and

.T m/‰IXd D
X

aCb�m
QNa ı ..@=@t/aCb‰/ ıXd ıNb T

p�.aCb/:

Before we can prove lemmas concerning commutators of .T m/‰IXd with coef-
ficients or vector fields, we need to prove some elementary combinatorial results,
which we do next.

Lemma 10.4. For any a0 � a � m and k � m � a;

 
m � a
k

!
D
X

.�1/jCs
 

m � s
k � j � s

! 
a0

s

! 
a � a0

j

!
;

where the sum is over s � a0; k � j and j � a � a0; k:
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Proof.

 
m � a
k

!
D

X
j�k;a�a0

.�1/j
 
a � a

j

! 
m � aC .a � a0/

k � j

!

D
X

.�1/j
 
a � a0

j

!
.�1/s

 
m � s

k � j � s

! 
a0

s

!
;

with the last sum over s � a0; k � j , and j � a � a0; k: ut
Lemma 10.5. For any a00 � a; b00 � b; and k � m � .a C b/; we may write

 
m � .aC b/

k

!
D
X
S1

R
mIaIbIk
a00Ia2Ib00Ib2

 
a00

a2

! 
b00

b2

!
;

with S1 D fa2 � a00; b2 � b00g; where

R
mIaIbIk
a00Ia2Ib00Ib2 D

X
S2

.�1/j1Cj2Ca2Cb2
 
a � a00

j1

! 
b � b00

j2

! 
m � a2 � b2

k � j1 � j2 � a2 � b2

!

with S2 D fj1 � a � a00; j2 � b � b00; j1 C j2 C a2 C b2 � kg and

ˇ̌
ˇRmIaIbIk

a00Ia2Ib00Ib2
ˇ̌
ˇ � 2a�a00Cb�b00 mk�a2�b2

.k � a2 � b2/Š
:

Proof. Two applications of the previous lemma. ut
The following lemmas are straightforward combinatorial results that use the

definition of M above. We collect them here for later reference.

Lemma 10.6. Ma0

is a sum of Ca0

terms of the form f
.a00/

.a0/
XIa0

�a00 with a00 � a0
and

jD�f
.a00/

.a0/
j � C j� jCa0

.j� j C a0/Š 8�:
Lemma 10.7. QNa is a sum of Ca terms of the form Qfa0Ia00XIa0

�a00 with a00 � a0 � a

and

jD� Qfa0Ia00 j � C j� jCa0

.j� j C a00/Š=a0Š 8�:
Lemma 10.8. QNa ı 	 ı Nb is a sum of CaCb terms, each of the form
Qfa0Ia00Ia000Ib0Ib00XIa0

�a00
�a000 ı 	 ıXqb0

�b00 with

jD� Qfa0Ia00Ia000Ib0Ib00 j � C j� jCa0Cb0

.j� j C a00 C a000/Š=a0Šb0Š 8�:
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Lemma 10.9. For any a and b;

adaT ad
b
X.Dtg/ D

X
f
.aCb/
j Xj C

X
f
.aCb/
2n�1 T

where for all �;

jD�f
.aCb/
j j � C j� jCaCb.j� j C aC b/Š

10.3 Behavior of the Localized Operators

To facilitate keeping track of errors and shorten the estimates, we follow some of the
notation of [T5] and introduce some formal expressions and norms. We recall that

Lj D @=@zj C igzj @=@t; j < n;

X2j�1 D <Lj and X2j D =Lj ; j < n;

XI D Xi1Xi2 � � �XIjI j
; I D .i1; : : : ; ijI j/:

Now for any A D .I; p;m; r; d; q; r/ and any 	 we set (cf. Definition 10.2)

GA;	 D CAX
IT p.T m/T r	 IXd T sXq; (10.10)

and define the following norms:

jAj D jI j C p CmC d C q C s D jGAI	 j (10.11)

and
jjAjj D jAj C p C s D jjGAI	 jj; (10.12)

the orders of G with T given single and double weight, respectively.
We also assign a norm to (variable-coefficient) sums of the GAI	 as follows:

N being given, if

G D
X

FAGAI	 with jAj � N; (10.13)

we set

jjjGjjjN D sup
AI supp 	

jFAjCAKm
0 K

jI jCdCq
1 K

pCq
2 N jAjCrCm=mŠ; (10.14)

where K0;K1;K2 will be chosen later, large relative to other constants that enter
and subject to

K0 � K1 � K2 � 1: (10.15)

We shall always assume (10.15) to be satisfied without further mention.
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We shall use the notation F .j /

.k/
for a function or sum of functions such that in the

support of all localizing functions, and for all �;

jD�F
.j /

.k/ j � C j� jCjCkC1.j� j C k/Š; (10.16)

with the constant C universal for the present problem. For example, F .j /

.k/
could

stand for any .j C k/th derivative of any coefficient divided by j Š Likewise, we

might denote the function e.b
00�1/

k appearing in (10.7) by F .b00�1/
.0/ D F .b00�1/:

Definition 10.3. An operatorGAI	 will be called admissible if it contains anX (and
at most one Ln in the case of Theorem 8.2). GAI	 will be called simple if it is not
admissible and m D 0: A variable-coefficient sum of such operators will be said to
have one of these properties if it is true of each member of the sum.

We may now state and prove the propositions that show the effect of commuting
.T m/‰; or more generallyGAI	 ; with a function or a (tangential) vector field.

Proposition 10.5. Let GAI‰ D XIT p.T m/.@=@t/r‰IXd T sXq; and let f .z; z; t/ be a
real analytic function in the support of ‰ (which will only be smooth and generally
of compact support).Then

GAI‰;f D
X
j
j�0

f.
/GA.�
/I‰; D QGAI‰

with

f.0/ D f;A.0/ D A; jD�f.
/j � C j�C
jC1j� jŠ 8�
and

jA.�
/j � jAj � j
j; kA.�
/k � kAk � j
j;
and

jjj QGAI‰jjjN � Cf jjjGAI‰jjjN :
Proof. The T derivatives of f present the greatest difficulty. We have

T m�.aCb/f D
m�.aCb/X
kD0

 
m � .a C b/

k

!
f .k/T m�k�.aCb/;

where f .k/ will denote any k-fold derivative of f; each derivative taken from a fixed,
finite set (the X ’s, M;M; or T ). Next,

.M
b0

=b0Š/f .k/ D
X
b00�b0

f .kCb0�b00/

.b0 � b00/Š
.M

b00

=b00Š/;
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so that

.T m/‰f D
X
S

f .kCb0�b00Ca0�a00/

.b0 � b00/Š.a0 � a00/Š

 
m � .a C b/

k

!
QAaa0.M

a00

=a00Š/

�..@=@t/aCb‰/
X
b0�b

Abb0.M
b00

=b00Š/T m�k�.aCb/;

S D fa00 � a0 � a; b00 � b0 � b; k � 1g: Next we write
�
m�.aCb/

k

�
in terms of�

a00

a000

��
b00

b000

� W  
m � .aC b/

k

!
D
X
S 0

R
mIaIbIk
a00Ia00�a000Ib00Ib00�b000

 
a00

a000

! 
b00

b000

!
;

S 0 D fa00 � aI b00 � bI a000 � a00; b000 � b00g by (10.5). Then we need to express QAa
a0

in terms of A Oa
a000 for some Oa and the same for Abb0 : This is done by Proposition 10.3.

The result is that 
m � .a C b/

k

!
QAaa0A

b
b0=a

00Šb00Š

D
X
S 00

R
mIaIbIk
a00Ia00�a000Ib00Ib00�b000

2�k2.�2/�k3
.a00 � a000/Š.b00 � b000/Š

Sa
0�a000Ck2
k2

�Sb0�b000Ck3
k3

QAa�.a0�a000Ck2/
a000 A

b�.b0�b000Ck3/
b000 =a000Šb000Š;

S 00 D fa000 � a00I b000 � b00; a000 C b000 � k; k2 � a � a0; k3 � b � b0g: Thus,

.T m/‰f D
X
S 000

f .kCa0�a00Cb0�b00/

.a00 � a000/Š.b00 � b000/Š
KMa00�a000

�.T m�k�a0�a000�k2�b0�b000�k3 /
.@=@t/a�a000

Ck2Cb0
�b000

Ck3‰IMb0
�b000 ;

where S 000 D fa000 � a00 � a0 � a; b000 � b00 � b0 � b; k C a C b � m; k2 �
a � a0; k3 � b � b0g; and

K D R
mIaIbIk
a00Ia00�a000Ib00Ib00�b000

2�k2.�2/�k3
.a00 � a000/Š.b00 � b000/Š

S
a0�a000Ck2
k2

S
b0�b000Ck3
k3

:

Things are clearer if we use new indices a0 D a� a0; a1 D a0 � a00; a2 D a00 � a000,
a3 D a000; b0 D b � b0; b1 D b0 � b00; b2 D b00 � b000; b3 D b000: Then we have

.T m/‰f D
X
S 0000

f .kCa1Cb1/

a1Šb1Š

�K 0Ma2.T m�k�a1�a2�k2�b1�b2�k3/
.@=@t/a1Ca2Ck2Cb1Cb2Ck3‰IMb2 ;
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where S
0000 D fk C a0 C a1 C a2 C b0 C b1 C b2 � m; k2 � a0; k3 �0g;

K 0 D R
mIaIbIk
a00Ia2Ib00Ib2

2�k2.�2/�k3
a2Šb2Š

Sa1Ca2Ck2
k2

S
b1Cb2Ck3
k3

;

and Ma2 is of course a sum of Ca2 terms, each of the form Qf .a0/
a2 XIa2�a0 for some

a0 � a2 and

jD� Qf .a0/
a2

j � Ca2Cj� jC1.a0 C j� j/Š 8�:
Thus

.T m/‰f D
X

QS

f .kCc1/ Qf .a0/
a2

c1Š
K 00Ma2

�.T m�k�a2�b2�c1�c2 /
.@=@t/c1Cc2Ca2Cb2‰IMb2 ;

where QS D fk C c1 C c2 C a2 C b2 � m; a0 � a2g and

K 00 D CkCc1Cc2Ca2Cb2
a0Š.a2 � a0/Šb2Š

:

If the constantsKj are well chosen and satisfy (10.15), and we let .T m/‰f stand
for the whole sum above, then uniformly in m � N we have

jjj.T m/‰f jjjN � C jjj.T m/‰jjjN :

When the entire expression GAI‰ D XIT p.T m/.@=@t/r‰IXd T sXq is considered
instead of just .T m/ ; the conclusion is unchanged and the only difference in the
proof consists in introducing expressions such as

T pf D
X 

jpj
jp0j

!
f .p0/;

summed over all p0 � p; etc.

Proposition 10.6. Let GAI‰ D XIT p.T m/.@=@t/r‰IXd T sXq: Then

ŒGAI‰;Lj or Lj � D �GA.0/I‰zj or zj
C QGA.0/I‰

where GAI‰ D P
j
j�0 f.
/GA.
/I‰; with y jD�f.
/j � C j
C� jj� jŠ8˛ and

jA.
/j � jAj � j
j; kA.
/k � kAk C 1;
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and
jjj QGA.0/I‰jjjN � jjjLjGAI‰jjjN :

If m ¤ 0 and jI C qj C d D 0 (in A), then QGA.0/I‰ is admissible.

Proof. First we consider the case GAI‰ D .T m/‰:
X

aCb�m

� QNa..@=@t/.aCb/‰/NbT
m�.aCb/; Lj

	

D
X

aCb�m

� QNa;Lj
	
..@=@t/.aCb/‰/N bT

m�.aCb/

C
X

aCb�m
QNa
�
..@=@t/.aCb/‰/Nb;Lj

	
T m�.aCb/

C
X

aCb�m
QNa..@=@t/.aCb/‰/N b

X
k1�1

 
m � .a C b/

k1

!
ad

k1
T .Lj /T

m�k1�.aCb/

D
X

a�k1Cb�m�k1
k1�1

F.k1/.L or M/ QNa�k1..@=@t/a�k1Cb.@=@t/k1‰/N bT
m�.aCb/

�
X

aCb�m
QNa..@=@t/aCb‰zj /N bT

m�.aCb/

C
X

aCbDm
QNa..@=@t/mC1‰/N b C ELj

C
X

a�k1Cb�k2
�m�d1�k2

k2�1

F.k1Ck2/ QNa�k1..@=@t/a�k1Cb�k2.@=@t/k1Ck2‰/Nb�k2XT m�.aCb/

from (10.6), Definition 10.2, and Proposition 10.5, where ELj D P
ab�m ELj Ia;b

with

ELj Ia;b D
X
a0

�a
b0

�b

QAaa0

Ma0

a0Š
..@=@t/aCb‰/Abb0

M
b0

b0Š

�
X
k1�1

 
m � .a C b/

k1

!
F .k1/.L or L/T m�k1�.aCb/

D
X
S

F
.k1/

a0�a00Cb0�b00
QAaa0

Ma00

a00Š
‰.aCb/

�Abb0

M
b00

b00Š

 
m � .a C b/

k1

!
.L or L/T m�k1�.aCb/
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� �S D fa00 � a0 � aI b00 � b0 � bI k1 � 1g�
D
X
S 0

F
.k1/

a0�a00Cb0�b00R
mIaIbIk1
a00Ia00�a000Ib00Ib00�b000S

a0�a000Ck2
k2

Sb
0�b000Ck3
k3

2�k2.�2/�k3

� Ma00�a000

.a00 � a000/Š
QAa�.a0�a000Ck2/
a000

Ma000

a000Š
‰.aCb/Ab�.b0�b000Ck3/

b000

M
b000

b000Š

� M
b00�b000

.b00 � b000/Š

 
m � .a C b/

k1

!
.L or L/T m�k1�.aCb/

�
S 0 D fa000 � a00 � a0 � aI b000 � b00 � b0vbI k2 � a � a0I

k3 � b � b0I k1 � 1g�
D
X
S 00

F
.k1/

.a1Ca2/LM
a2.T m�k1�a1�a2�k2�b1�b2�k3/‰.a1Ca2Ck2Cb1Cb2Ck3/

�Mb2
.L or L/;

where
S 00 D fa1 C a2 C k2 � a; b1 C b2 C k3 � b; k1 � 1g

and

K D R
mIaIbIk1
a00Ia2Ib00Ib2S

a1Ca2Ck2
k2

S
b1Cb2Ck3
k3

2�k2 .�2/�k3=a2Šb2Š: ut
It is convenient to replace M

b2 and the L’s or L’s by X ’s, using Lemma 10.6
and the observation that commuting the resulting coefficients to the left does not

introduce new M
b2 on the right, since the coefficients are already to the left of the

free T ’s in .T m
0

/‰0 (cf. the proof of Proposition 10.5).
Thus Œ.T m/‰;Lj or Lj � D �.T m/‰zj or zj

C QGAI‰; where

QGAI‰ D
X
j� j�0

F�GA.��/I‰ with jD�Fı j � C jıC� jC1j� jŠ

and

jA.��/j � jAj � j� j; kA.��/k � kAk C 1;

jjj QGAI‰jjjN � jjjLj .T m/‰jjjN :

Note that every term in QG.0/ is admissible (if m ¤ 0). When more general GAI‰ D
XIT p.T m/‰.r/IXd T sXq are considered, bracketing with Lj u or Lj may also yield
as many as d terms of the formXIT p.T m/‰.r/IcoeffXd�1T sXq: The coefficients may
be commuted to the left using Proposition 10.5 again, while the new T increases q
by 1: In this case the norm j � j still drops, while the norm k � k may stay the same.
Note that if d D 0; this does not happen.
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Proposition 10.7. Let HAI‰ D XIT p.T m/‰.r/IXd T sXq be admissible. Then

HAI‰ D XGA.�1/I‰ CGA.�1/I‰x C QGsimA.�1/I‰;

where
QGsimA.�1/I‰ D

X
j
j�1

f.
/G
sim
A.�1/I‰

is simple,

jD�F.
/j � C�C
jj� jŠ; jA.�
/j � jAj � j
j; kA.�
/k � kAk C 1;

and

jjj QGsimA.�1/I‰jjjN � jjjXGA.�1/I‰jjjN and jjjGA.�1/I‰x jjjN � jjjHAI‰jjjN :

Proof. The proof of Proposition 10.6 applies except that it is never necessary to
bracket oneX with another; it suffices to bring anyX to the left. As long asm ¤ 0;

after application of the proof of Proposition 10.6, all terms except those inGA.�1/I‰x
retain an X: When m drops to zero, further iterations of the proof of Proposition
10.6 may contribute simple terms. ut

10.4 Proof of Theorem 10.1

Proposition 10.8. Let HAI‰ be admissible and let u solve �bu D ˛ in V: Then

kHAI‰uk2
L2

� C
�
kGA.�1/I‰˛k2

L2
C sup kGA0

.�1/
I‰uk2

L2

�
;

where the supremum is over all GA0

.�1/I‰ whose norms satisfy

jjjGA0

.�1/I‰jjjN � jjjHAI‰jjjN ; jA.�1/j � jAj � 1; kA.�1/k � kAk:

Proof. We write H.AI‰/ D XGA.�1/I‰/ C G0
A.�1/I‰/ from (10.7). Then a priori

estimate (9.1), applied to GA.�1/I‰/; yields a right-hand side

Q.GA.�1/I‰/u; GA.�1/I‰
�

u D Q.u; .GA.�1/I‰/�GA.�1/I‰u/C
4X
1

Ej

D .GA.�1/I‰˛;GA.�1/I‰u/L2 C
4X
1

Ej ;
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where the Ej are the error terms

E1 D .Œ@b; GA.�1/I‰�u; @bGA.�1/I‰u/L2;

E2 D @bu; Œ@b; .G
�
A.�1/I‰�GA.�1/I‰u/L2;

E3 D .Œ@
�
b ; GA.�1/I‰�u; @

�
bGA.�1/I‰u/L2 ;

E2 D .@
�
bu; Œ@

�
b ; .GA.�1/I‰/��GA.�1/I‰u/L2 :

Now it suits us to write @b as the sum of two terms of the form coeffX: If we do
this, then the first and third terms above and the second and fourth are the same.
Thus the errors that must be majorized are of the two types:

F1 D kŒ coeffX;GA.�1/I‰�uk2
L2

and

F2 D j.ŒcoeffX;GA.�1/I‰� coeffXu; GA.�1/I‰u/L2 j:

These are handled by Propositions 10.5 and 10.14 above. Using these propositions,
we have at once

jF1j � sup kG0
A.�1/I‰uk2

L2
;

with the supremum over all G0
A.�1/I‰ as in the statement of Proposition 10.8. For F2

we need to take a bit more time, since Proposition 10.7 must be used. But

.ŒcoeffX;GA.�1/I‰� coeffXu; GA.�1/I‰u/L2

D .G0
A.�1/I‰ coeffXu; GA.�1/I‰u/L2

D .coeffXGA0

.�1/I‰u; GA.�1/I‰u/L2 C .GA00

.�1/I‰u; GA.�1/I‰u/L2

D .GA00

.�1/I‰u; GA.�1/I‰u/L2 C .GA00

.�1/I‰u; XGA.�1/I‰u/L2 ;

and a weighted Schwarz inequality yields the result at once and proves the
proposition. ut

We may iterate this procedure until one of the resulting terms is no longer
admissible. If m D 0 for an inadmissible term, we do not process it further at
this point. On the other hand, when m ¤ 0 in an inadmissible term, such a term is
necessarily of the form

G0
A.�k/I‰ D T p.T m/.@=@t/r‰T

s

(or G0
A.�k/I‰ D T p.T m/.@=@t/r‰xT

s; a type that we shall deal with later) with
jjjG0

A.�k/I‰jjjN � jjjHAI‰jjjN ; jA.�k/j � jAj � k; kA.�k/k � kAk; and it is not
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immediately clear how to proceed, since to use (9.1) again with maximal advantage
we would have to adjoin anX to the left of T p.T m/.@=@t/r‰xT

s; a process that would
increase all three norms. Now in fact we shall do just that, but we must show that:

• in arriving at T p.T m/.@=@t/r‰xT
s; we gain a factor of N in jjj � jjjN ; and

• after adjoining an X to T p.T m/.@=@t/r‰xT
s; the next iteration of (9.1) drops j � j

and k � k again, so that after these two applications of (9.1) the jjj � jjjN norm is
unchanged, j � j has dropped by one, and k � k is once again no greater than at the
start.

For the first of these, there are two ways in which all free X ’s are lost. The first
is when, in Proposition 10.14, two X ’s are bracketed to generate a T: In general, the
form of this bracket is ŒXI ;X� with jI j � N , i.e., at most jI j terms with a T and at
most jI j � 1 remaining X ’s but at least one if jI j � 2: Hence if such a bracketing
uses up all remaining X ’s, jI j had to be 1, and the result of the operation is to
decrease jjj � jjjN by a factor ofN: And the second way that all freeX ’s or Ln might
be lost is as derivatives of a coefficient, and in this case we merely need to shift the
count of derivatives by one: after all, the term in ŒXI ; f � D P� jI j

jI 0j
�
f .jI 0 j/XI�I 0

with I D I 0 has coefficient f .I/; and jf .jI j/j � C jI jjI jŠ � C 0jI j�1
.jI j � 1/Š �

C 0jI j�1
N jI j�1:

Thus, modulo a constant for each derivative that falls on a function (which is
always permitted by taking the Ki to have the proper ratios in (10.15)), the loss of
the last X in this fashion does not need to result in a corresponding factor of N in
the norm. For the second bulleted point above, we merely note that in the application
of (9.1), i.e., from Propositions 10.5 and 10.14 when jI jCqCd D 0; not only does
j � j drop, as it always does, but also k � k will drop. That is, two X ’s never bracket to
generate a T; since there is no second X: And Proposition 10.7 will not generate T
either.

Proposition 10.9. Let HAI‰ be admissible and let u solve �bu D ˛ in V: Then

kHAI‰uk2
L2

� CN
�kGA.�1/I‰˛k2

L2
C sup kGsim

A0I‰uk2
L2

C sup kGA00I‰xuk2
L2

�
;

where the first supremum is over all simple Gsim
A0I‰ whose norms satisfy

jjjGsim
A0I‰jjjN � jjjHsim

AI‰jjjN ; jA0j � jAj � 1; and kA0k � kAk;

and where the second supremum is over all GA00I‰x whose norms satisfy the same
bounds:

jjjGA00I‰x jjjN � jjjHsim
AI‰jjjN ; jA00j � jAj � 1; and kA00k � kAk:

Note that since the singularities of the Levi form are contained in fx D 0g
.D fz D 0g/; we may take ‰ to be a product ‰ D ‰1.x/‰2.t/ with ‰1.x/ � 1 in
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a neighborhood of 0I thus since u is known to be real analytic in the complement of
the set where the Levi form degenerates (cf. [T4], [Tr4]), we have

jD�uj � C j� jC1
u .j� jŠ/ in supp ‰x:

For GA00I‰x as above, then, we have the estimate

kGA00I‰xuk2
L2

� �
sup kGA000I‰xuk2

L2

� jjjHAI‰jjjN ;

where the supremum is over all GA00I‰x with jA000j � jAj � 1; kA000k � kAk but
jjjGA000I‰x jjjN � 1: Since for real analytic functions w satisfying (10.4) we have

kGBI‰wk2
L2

� CwjjjGBI‰jjj2N under (10.15) ;

the conclusion of Proposition 10.9 reads

kHA;‰ukL2
jjjHA;‰jjjN � CuC

N

 
1C sup

S

kT p0 ı‰.r 0/ ı T q0

ukL2
Np0CqCr 0

!

� CuC
N

 
1C sup

jr 0j�NC1
j‰.r 0/j
N .r 0/

sup
S 0

kT m0

ukL2.supp‰/
Nm0

!
;

S D f2.p0 C q0/ � kAkg; S 0 D fm0 � kAk=2k:

That is, if jI j C p � N; then

kXIT pukL2.‰D1/

N jI jCp � CN

0
@1C sup

jrj�NC1
2m�N

j‰.r/j
N.r 0/

kT mukL2.supp‰/
Nm

1
A : (10.17)

Lastly, we control the localizing functions as in [T4] and [T5]:

Proposition 10.10. There exists a constant K such that if �1;�2 are open sets in
C
n with distance d from �1 to the complement of �2; then for any N there exists

‰ D ‰N in C1
0 .�2/ equal to one in a neighborhood of �1 with

j‰.ˇ/j � KK jˇjd�jˇjN jˇj for jˇj � 2N: (10.18)

The first use of these functions seems to be due to Ehrenpreis. Using such ‰;
(10.19) becomes

max
pCjI j�N

kXIT pukL2.�1/
N jI jCp � CN

 
1C d�2N sup

qCs�N=2
kXqT sukL2.�2/
.N=2/qCq

!
: (10.19)
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We iterate this estimate by nesting log2 N such pairwise relatively compact open
sets �1 b �2 � � � b �log2 N with separations dj D d0=2

j : The iterates of (10.19)
then yield

max
pCjI j�N

kXIT pukL2.�1/
N jI jCp � C 0N…

�
2j
�N=2j�2

Cu

with constants independent of N: This implies analyticity in �1: Since �1 was an
arbitrary compact subset of V; this proves Theorem 10.1.

10.5 Proof of Theorem 10.2

We recall and rewrite the @-Neumann boundary condition: if we split an arbitrary

form w D P
wIJ �I�

q
,

w D w0 C w00;

where w0 is the sum of all terms
P

wIJ �I�
q

with n … J; while w00 consists of those
with n 2 J; and write

eLnw D .Lw0 C Aw/

for some analytic matrix A, then we may rewrite the boundary conditions as

u00 D 0 on � and eLnu0 D 0 on �: (10.20)

We modify the notation for our scalar operatorsGAI‰ slightly from that given in
(10.10) for the boundary value problem, allowing at most one LnW

.A D .I; p;m; r; d; q; r//

GAI	 D CAL
i 0

n X
IT p.T m/	.r/IXd T sXqL

i 00

n

with i 0 C i 00 � 1 and constants CA introduced to adjust the norms:

jAj D jI j C p C s CmC d C q C r C i 0 C i 00 D jGAI	 j;

kAk D jAj C p C s D kGAI	k;
and

jjjGjjjN D sup
supp	

CAK
v
0:

If G D P
FA0GA0I	 denotes a variable-coefficient sum, then its norms are given by

jGj D sup
A0

jGA0I	 j; kGk D sup
A0

kGA0I	k;
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and
jjjGjjjN D sup

A0

supp 	

jFA0 jCAKm
0 K

jI jCdCqCI 0CI 00

1 K
pCq
2 N jA0jCrCm=mŠ

.T m/	.r/IXd has been introduced in Definition 10.2 above. When m ¤ 0; all of the
derivatives on 	 are assumed to be sequences of T;Ln; and Ln:

Definition 10.4. G D P
FA0GA0I	 will be called

• admissible if each term contains an X or an Ln;
• simple if m D 0 D jI j C q C d C i 0 C i 00 in each term;
• well normed relative to G0

AI	 if jjjGjjjN � jjjG0
AI	 jjjN ; jGj � jAj and kGk � kAk:

For the purposes of these last two inequalities, we may admit Ln for Ln
in a GA0I	 :

Definition 10.5. OG will denote a sum
P
FA0GA0I	 in which in each term, 	 has

been differentiated by either @=@xj or Ln: The notation is intended to suggest that
we may ignore such terms, since in the first instance, x-derivatives of our localizing
functions are zero near the singularities of the Levi form, and in the second, Ln	
vanishes (to high order) on the boundary, so that further consideration of such terms
amounts to a consideration of the analyticity of solutions of the Dirichlet problem,
which is well understood.

Definition 10.6. Let H D HAI	 be given. By H.�1/ D H.�1/I	 we denote any
expression of the form

P
FA0HA0I	 that is well normed relative to H but jA0j �

jAj � 1 for each A0: Similarly,H.�2/ D H.�2/I	 will stand for any expression of the
form

P
FA00HA00I	 that is well normed relative toH but jA0j � jAj � 2 for each A00

etc. That is, the subscript denotes the decrease in free derivatives (measured by j � j)
with no increase in the other norms.

Definition 10.7. Let H D HAI	 be given. By writing G D G.0/ D GA.�1/;	 we
shall mean any operator GBI	 with

jBj D jAj � 1; kBk D kAk � 1; and jjjGjjjN � jjjH jjjN
N

:

Thus, NG.�k/ is of the form H.�k�1/ for any k � 0:

Proposition 10.11. The following relations hold:

• Let H D HAI	 be admissible. Then

H D fX or LngG.0/ C OH.�1/ C H.�1/

(with H.�1/ admissible if mA ¤ 0)

D fX or LngG.0/ C OH.�1/ C Hsim
.�1/

by iteration. We may assume that G.0/ is tangential, i.e., that i 0 C i 00 D 0 in G.0/:
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• Let H D HAI	 be arbitrary except that i 0 C i 00 D 0: Then

HX D X 0H.0/ CN f OH.0/ C H.0/g D X 0H.0/ CN f OH.0/ C Hsim
.0/ g:

• For any H 0 D HBI	 with jBj ¤ 0; we have (for short)

H 0 D DG0 C OH0
.�1/ D .

X
/DkG

0 ;k C H0
.�jH 0j/ D DG0 C H0

.�jH 0j/:

We may assume that G 0 and the G
0;k are tangential. Similarly,

H 0X D DH
0;adm CNH0

.�jH 0j/:

Proof. As long asm ¤ 0; Propositions 10.5 and 10.14 show that any errors incurred
in bringing an X to the left of .T m/	.r/ still contain an X unless they fall within
H0
.�1/ (or Hsim

.�1//: In the first part, if H contained an Ln; we may assume that this
was brought out, and hence G.0/ is tangential. In proving the third part, we (attempt
to) pull out a derivative; when the derivative is lost to the localizing function, we
attempt to pull out another, etc., each time with fewer free derivatives remaining. ut

In the sequel, a.z; z; t/ will stand for any of a finite set of real analytic functions
of .z; z; t/, and G and H (or G and H) will always be related as in Definition 10.7.
Use of Propositions 10.5 and 10.14 will be assumed in the proofs below without
explicit mention (e.g., G.0/a.z; z; t/ D G.0/).
Proposition 10.12. If G D GA.�1/I	 ; then

Œa.z; z; t/X;G� D NG.0/ D H.�1/:

Proof. The terms that arise in this commutator are the same as those that arise in
Propositions 10.5 and 10.14 above. ut
Proposition 10.13. If G D GA.�1/I	 ; then

Œa.z; z; t/Ln;G� D .Ln/G.�1/ D OH.�1/ D .Ln/N
�1H.�2/ D OH.�1/

(where parenthesized vector fields may not be present).

Proof. Evident from the definitions and Proposition 10.5. ut
Proposition 10.14. If G D GA.�1/I	 ; then

Œa.z; z; t/Ln;G� D .Ln/G.�1/ D NeG.0/ D .Ln/N
�1H.�2/ D JH.�1/;

where JH.�1/ indicates that the localizing function may have been differentiated
by Ln:
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Proposition 10.15. If GDGA.�1/I	 (recall that each occurrence of a.z; z; t/
denotes a generic coefficient, and similarly with X for a generic X ) then

Œa.z; z; t/X;G�a.z; z; t/X D NXG.0/ CN OH.�1/ CNHsim
.�1/

D XH.�1/ CN OH.�1/ CNHsim
.�1/:

Proof. From Propositions 10.12 and 10.11,

Œa.z; z; t/X;G�a.z; z; t/X D NG.0/a.z; z; t/X
D Na.z; z; t/XG.0/ CN OH.�1/ CNHsim

.�1/:
ut

Proposition 10.16. If G D GA.�1/I	 ; then

Œa.z; z; t/X;G�a.z; z; t/Ln D LnH.�1/ CN OH.�1/:
Proof.

Œa.z; z; t/X;G�a.z; z; t/Ln D NG.0/Ln
D NLnG.0/ CN2 JG.0/ D LnH.�1/ CN JH.�1/:

ut
Proposition 10.17. If G D GA.�1/I	 ; then

Œa.z; z; t/Ln;G�a.z; z; t/X D LnHadm
.�1/ C .X or N/ OH.�1/:

Proof.

Œa.z; z; t/Ln;G�a.z; z; t/X D LnG.�1/X CN OG.0/X
D LnG.�1/X CXN OG.0/ CN2 OG.0/
D LnHadm

.�1/ CX OH.�1/ CN OH.�1/:

ut
Proposition 10.18. If G D GA.�1/I	 ; then

Œa.z; z; t/Ln;G�a.z; z; t/Ln D LnH.�1/ C Ln JH.�2/ CN OH.�1/:

Proof. First we commute Ln to the left of the coefficient:

Œa.z; z; t/Ln;G�a.z; z; t/Ln D .LnG.�1/ CN OG.0//a.z; z; t/Ln
D .Ln/..Ln/G.�1/ CN OG.0//

CLn.Ln OG.�2/ CN JG.�1//CN.Ln OG.�1/ CN OG.0//
D Ln JH.�1/ CLn JH.�2/ CN JH.�1/:

ut
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Proposition 10.19. If G D GA.�1/I	 , then

Œa.z; z; t/Ln;G�.a.z; z; t/Xu00 C a.z; z; t/ QLnu/

D LnH.�1/u00 C .LnG.�1/ CN QG.0// QLnu CX JH.�1/u00 CN. OH.�1/ C Hsim
.�1//u00:

Proof.

Œa.z; z; t/Ln;G�.a.z; z; t/Xu00 C a.z; z; t/ QLnu/

D .LnG.�1/ CN QG.�1/ QLnu/CN JG.0/.aXu00 C a QLnu/

D LnH.�1/ C .LnG.�1/ CN JG.0// QLnu
�

CXN JG.0/u00 CN JH.�1/u00

D LnH.�1/u00 C .LnG.�1/ CN JG.0// QLn CX JH.�1/u00 CN. OH.�1/ C Hsim
.�1//u00:

Note that Œ JH.�1/; @=@x� D N OH.�1/: ut
Proposition 10.20. If G D GA.�1/I	 ; then

Œa.z; z; t/XG�a.z; z; t/.Lnu
0 or QLnu/

D NG.0/ QLnu CNG.0/u D H.�1/ QLnu C H.�1/u:

Proof. Propositions 10.12 and 10.13. ut

10.6 End of the Proof of Theorem 10.2

LetHadm be admissible. Then from Proposition 10.11 and the a priori estimate (9.1)
we know that (writing G for G.0/; which, as in Proposition 10.11, is tangential)

kHadmuk2
L2

� k.X or Ln/Guk2
L2

C k OH.�1/uk2
L2

C kHsim
.�1/uk2

L2
; (10.21)

and in obvious notation, using (10.20) for all K;

kXGuk2
L2

C kLnGuk2
L2

C kGu00k2
H1 C KkGuk2

L2

� CQ.Gu; Gu/C CKkGuk2�1 (10.22)

and

Q.Gu; Gu/ � C
�
kG˛k2

L2
C kGuk2

L2
C
X

jEj j
�
; (10.23)
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where

• E1 D .Œ@;G�u; @Gu/L2 ;
• E2 D .@u; Œ@; G��Gu/L2 ;
• E3 D .Œ@

�
; G�u; @

�
Gu/L2 ;

• E4 D .@
�
u; Œ@

�
; G��Gu/L2 :

Now from the action of @ and its adjoint, not all components of u are subjected to
all vector fields. In particular, we may write

@u D a.z; z; t/.X/u C .@u/00; (10.24)

where

.@u/00 D a.z; z; t/Xu00 C a.z; z; t/Lnu0 C Au � a.z; z; t/Xu00 CeLnu

defines the operatoreLn and

@
�

u D a.z; z; t/.X/u C a.z; z; t/.Ln/u
00: (10.25)

Thus for any 
 > 0 there exists a constant C
 such that

jE1j C jE3j � 
Q.Gu; Gu/C C
.E
0
1 CE 0

3/; (10.26)

where from Propositions 10.12 and 10.13,

E 0
1 D kŒa.z; z; t/.X or Ln/;G�uk2

L2
� C

�k.Ln/G.�1/uk2
L2

C kH.�1/uk2
L2

�
(10.27)

and

E 0
3 D kŒcoeffLn;Gu�u00k2

L2
� C

�
kLnG.�1/u00k20 C k OH.�1/u00k20

�

� C
�
kLnG.�1/u00k20 C k OH.�jH j/u00k20

�

by Proposition 10.11. The remaining two terms are expanded as follows:

E2 D .@u; Œ@; G��Gu/L2

D .coeff ..X/C eLn/u; Œcoeff ..X/CeLn/;G��Gu/L2

D .Œcoeff .X/;G�.coeff ..X/CeLn/u/; Gu/L2

C.Œcoeff .Ln/;G�.coeff ..X/C eLn/u/; Gu/L2

D E21 C E22
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and

E4 D @
�

u; Œ@
�
; G��GuL2

D .coeff .Xu C Lnu00/; ŒcoeffX;G��Gu C ŒcoeffLn;G��Gu00/L2

D .ŒcoeffX;GAI	 �coeff .Xu C Lnu00/; Gu/L2

C.ŒcoeffLn;G�coeff .Xu C Lnu00/; Gu00/L2

D E41 C E42;

where the integrations by parts are justified, since u00 and eLnu D 0 on � and G is
tangential. Now E21 is treated by Proposition 10.15, E22 by Proposition 10.19, E41
by Propositions 10.17 and 10.18. The results are

E21 D .H.�1/u; XGu/L2 C .N. OH.�1/ C Hsim
.�1//u; Gu/L2 C .H.�1/eLnu; Gu/L2;

which lends itself to the estimate

jE21j � kH.�1/ukL2kXGukL2
CkH.�1/eLnukL2kGuk C kN. OH.�1/ C Hsim

.�1//ukL2kGukL2 (10.28)

(note that the expression H.�1/eLnu is of a new type),

E22 D .H.�1/u00; LnGu/L2 C ..XN JG.0/ CN. OH.�1/ C Hsim
.�1///u00; Gu/L2

C .N JG.0/eLnu; Gu/L2 C LnG.�1/eLnu; Gu/L2 ;

which lends itself to the estimate

jE22j � k JH.�1/u00kL2k.X or Ln or N/GukL2
Ck. JH.�1/ or LnG.�1/eLnukL2kGukL2 : (10.29)

Next,

E41 D .H.�1/u; XGu/L2 C .N. OH.�1/ C Hsim
.�1//u; Gu/L2

C.ŒcoeffX;G�coeffLnu00; Gu/L2 ;

and using Proposition 10.11 to expand the third term below,

ŒcoeffX;G�coeffLn D coeffLnŒcoeffX;G�

CŒcoeff .X or Ln;G�C ŒcoeffX; coeffLn;G��

D .Ln/H.�1/ C OH.�1/ CX JH.�1/ CN. OH.�1/ C Hsim
.�1//;

(10.30)
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so that

jE41j �
�
kH.�1/uk0 C k JH.�1/u00k0

�
k.X or Ln/Guk0 (10.31)

and

E42 D .LnHadm
.�1/u C .X or Ln or N/ OH.�1/u C Ln OH.�2/u00; Gu00/0;

so that

jE42j �
�
kHadm

.�1/uk0 C kN OH.�1/uk0 C k JH.�2/u00k0
�

k.D/Gu00k0:

Thus, using a weighted Schwarz inequality on the sum of the absolute values of
E1;E3;E21; E22; E41; and E42; we have, for any 
 > 0;

.1 � 
/ �kXGuk20 C kLnGuk20 C kGu00k2
H1 CQ.Gu; Gu/

�C .K � C
/kGuk20
� CkG˛k20 C 


�
k JH.�1/eLnuk20 C kN. OH.�1/ C Hsim

.�1//uk20
�

CC

�
kH.�1/uk20 C k JG.�1/u00k20 C kH.jH juk20

�
C CKkGuk2�1: (10.32)

Note that we have not written NGu as H.�1/u on the right. The term kH.�1/uk20
arises naturally and unavoidably in (10.27) and E21 but always as a result of a
bracket, never as NGu: Also, note that

CKkGuk2�1 � kGuk20 C C.K/jH jkGuk2�jH j (10.33)

by the logarithmic convexity of the Sobolev norms.
The second term on the right of (10.32) is new; to handle it we use coercive

estimates on eLnu but first must extract a tangential derivative from H.�1/W using

Proposition 10.11 on each of the terms in H.�1/eLn;
H.�1/eLn D DG.�1/eLn CH.�jH j/eLn: (10.34)

Noting that (10.20) implies that eLnu D 0 on @�; we apply the coercive estimate

kDG.�1/eLnuk20 � C
�
Q.G.�1/eLnu; G.�1/eLnu/0 C kG.�1/eLnuk20

�
(10.35)

with

jQ.G.�1/eLnu; G.�1/eLnu/0j � C
�
kG.�1/eLn˛k20 C kG.�1/eLnuk20 C

X
jFj jx

�
;

(10.36)
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where

F1 D .Œ@;G.�1/eLn�u; @G.�1/eLnu/0;

F2 D .@u; Œ@; .G.�1/eLn/��G.�1/eLnu/0;

F3 D .Œ@
�
; G.�1/eLn�u; @�

G.�1/eLnu/0;

F4 D .@
�
u; Œ@

�
; .G.�1/eLn/��G.�1/eLnu/0:

Now for F1 and F3; again, we use a weighted Schwarz inequality and have the
estimate, for any � > 0;

jF1j D j.Œ@;G.�1/eLn�u; @G.�1/eLnu/0j
� �Q.G.�1/eLnu; G.�1/eLnu/C C�kŒcoeff .X or Ln/G.�1/�eLnuk20

CC�kG.�1/Œcoeff .X or Ln/; Ln C A�uk20
� �Q.G.�1/eLnu; G.�1/eLnu/C C�

�
kH.�2/eLnuk20 C kHadm

.�1/k20
�

and

jF3j D j.Œ@�
; G.�1/eLn�u; @�

G.�1/eLnu/0j; and

� C j.Œcoeff .X or Ln/;G.�1/eLn�u; @�
G.�1/eLnu/0j

� C j.D JG.�2/eLn C Hadm
.�1/ C H.�jH j//u; @

�
G.�1/eLnu0j

C C j.G.�1/coeffLnu; @
�
G.�1/eLnu/0j:

ButG.�1/coeffLn D LnG.�1/C JH.�1/ D LnG.�1/CD JG.�2/C OH.�1/C JH.�jH j/;
and if we expand @

�
as coeff.X/ C coeffLn in this last term, we may integrate by

parts (twice) to obtain

.G.�1/coeffLnu; @
�
G.�1/eLnu/0

D ...coeff .Ln CX/G.�1/ C JH.�jH j//u; coeff ..X/C Ln/G.�1/eLnu/0

Ccoeff OH.�1/u; @
�
G.�1/eLnu/0;

so that we obtain, with the coercive estimate (10.35),

jF3j � �Q.G.�1/eLnu; G.�1/eLnu/0

CC�
�
k JH.�2/eLnuk20 C k.Hadm

.�1/ or OH.�1//uk20 C k JH.�jH j/uk20
�
:
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For the terms F2 and F4 we have

F2 D .@u; Œ@; .G.�1/eLn/�G.�1/eLnu/0

D .coeff ..X/C Ln/u; Œcoeff .X/; .G.�1/eLn/��G.�1/eLnu/0
C.coeff ..X/C Ln/u; Œcoeff .Ln/; .G.�1/eLnu/��G.�1/eLnu/0

D .Œcoeff .X or Ln/;G.�1/eLnu�coeffeLnu; G.�1/eLnu/0
C.Œcoeff .X/;G.�1/eLn�coeff .X/u; G.�1/eLnu/0
C.Œcoeff .Ln/;G.�1/eLn�coeff .X/u00; G.�1/eLnu/0

D ...D/ JH.�2/ CNH.�2//Lnu; G.�1/eLnu/0

C..H.�2/.eLn/CH.�1//.X/u; G.�1/eLnu/0

C... JH.�2/ CLnG.�2//eLn C LnG.�1//coeff .X/u00; G.�1/eLnu/0
D ...D/ JH.�2/ CNH.�2//Lnu; G.�1/eLnu/0

C..H.�2/X.eLn/CH.�1/X/u; G.�1/eLnu/0
C...N or X or Ln/ JH.�2/eLn C .X or N or Ln JH.�2//u00; G.�1/eLnu/0

D ...D/ JH.�2/ CNH.�2//Lnu; G.�1/eLnu/0

C...X CN/H.�2/eLn CDHadm
.�1/ C H.�jH j//u; G.�1/eLnu/0

C...N or X or Ln/ JH.�2/eLn C .X or N or Ln JH.�2//u00; G.�1/eLnu/0;
and so

jF2j � k.D or N/G.�1/eLnuk0
�
�
k JH.�2/eLnuk0 C kG.�1/eLnuk0 C kGadm.�1/uk0 C JG.�2/u00k0

�
;

while

F4 D .@
�
u; Œ@

�
; .G.�1/eLn/��G.�1/eLnu/0

D .coeff .X/u C coeffLnu00; Œcoeff .X/; .G.�1/eLn/��G.�1/eLnu/0
C.coeff .X/u C coeffLnu00; ŒcoeffLn; .G.�1/eLn/��G.�1/eLnu/0

D .Œcoeff .X/;G.�1/eLn�.coeff .X/u C coeffLnu00/; G.�1/eLnu/0

C.Œcoeff .Ln/;G.�1/eLn�.coeff .X/u C coeffLnu00/; G.�1/eLnu/0
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D ..Hadm
.�1/ or H.�2/eLn/.coeff .X/u C coeffLnu00/; G.�1/eLnu/0

D ..X or N/.Hadm
.�1/ or H.�2/eLn/u; G.�1/eLnu/0

C..Ln.Hadm
.�1/ or H.�2/eLn/C . JHadm

.�1/ or JH.�2//eLn/u00; G.�1/eLnu/0:

Thus we also have

jF4j � Ck.D or N/G.�1/eLnu/k0
�
�
k JH.�2/eLnuk0 C kG.�1/eLnuk0 C k JHadm

.�1/uk0 C k JH.�2/u00k0
�
:

Collecting the estimates of the Fj , we have

X
jFj j � �Q.G.�1/eLnu; G.�1/eLnu/

CC�
�
k JH.�2/eLnuk20 C kHadm

.�1/uk20 C k JH.�2/u002
0 C k JH.�jH j/uk20

�
;

so that (10.35) and (10.36) may be rewritten

k JH.�1/eLnuk20 � C
�
kG.�1/eLn˛k20 C k JH.�2/k20

CkHadm
.�1/uk20 C kH.�2/u00k20 C k JH.jH j/k20

�
: (10.37)

Together with (10.32), This yields

.1 � 
/.kXGuk20 C kLnuk20 C kGu00k2
H1 CQ.Gu; Gu//

� C.kG˛k20 C kG.�1/eLn˛k20/C C
k JH.�2/eLnuk20
CCKkGuk2�1 C kN. OH.�1/ C Hsim

.�1//u20/

CC

�
kH.�1/uk20 C k JG.�1/u00k20 C kH.jH j/uk20

�
: (10.38)

As long as the terms in H.�1/ on the right are admissible (or act on u00), we may
iterate (10.38). If m D 0 for an inadmissible term, we do not process it further at
this point. On the other hand, when m ¤ 0 in an inadmissible term, such a term is
necessarily of the form

G0
A0I‰ D CA0T p.T m/.@=@t/r‰T

s (10.39)

(or G 0
A.�k/ I‰ D CA0T p.T m/.@=@t/rf‰x or Ln‰gT s; cf. below) with

jjjG0
A.�k/I‰jjjN � jjjHA;‰jjjN ; jA.�k/j � jAj � k; kA.�k/k � kAk;
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since we may always write Ln D @=@t modulo Lm: It is not immediately clear
how to proceed, since to use (9.1) again with maximal advantage we would have to
adjoin an X or an Ln to the left of T p.T m/.@=@t/r‰T s; a process that would increase
all three norms. Now in fact we shall do just that, but we must show that, modulo
acceptable errors (namely when Ln lands on the localizing function):

(1) in arriving at T p.T m/.@=@t/r‰T s in fact we have already gained a factor of N in
jjj � jjjN ; and

(2) after adjoining anX orLn to T p.T m/.@=@t/r‰T s; the next iteration of (9.1) drops
j � j and k � k both by at least one, so that that after these two applications of (9.1)
the jjj � jjjN norm is unchanged, j � j has dropped by one, and k � k is once again
no greater than at the start.

For (1), there are five ways in which all free X ’s or Ln may be lost. The first and
second occur when Ln or Ln lands on the localizing function, and we shall discuss
such terms below; the third occurs when in Proposition 10.14, twoX ’s are bracketed
to generate a T: In general, the form of this bracket is ŒXI ;X� with jI j � N; i.e.,
at most jI j terms with a T and at most jI j � 1 remaining X ’s but at least one if
jI j � 2: Hence if such a bracketing uses up all remaining X ’s, jI j had to be 1; and
the result of this operation is to decrease jjj � jjjN by a factor of N . And the fourth
way that all freeX ’s or Ln might be lost is as derivatives of a coefficient, and in this
case we merely need to shift the count of derivatives by one: after all, the term in

ŒXI ; f � D
X 

jI j
jI 0j

!
f .jI 0j/XI�I 0

with I D I 0

has coefficient f .jI j/, and

jf .jI j/j � C .jI j/jI jŠ � C 0jI j�1.jI j � 1/Š � C 0jI j�1N jI j�1:

Thus, modulo a constant for each derivative that falls on a function (which is always
permitted by taking the Ki to have the proper ratios in (10.15)), the loss of the last
X in this fashion does not need to result in a corresponding factor ofN in the norm.
When Ln lands on the localizing function we are in a favorable situation, since then
coercive estimates apply. When Ln lands on the localizing function the situation is
not favorable, and we examine this case in detail below. Finally, on the right-hand
side of many of the estimates for the Eij ; we often have just kGkL2 ; which may
be in the form (10.40). But in every case we have given a form of the estimate that
omits a factor of N in front of such a term, hence the gain of N in this case as
well. To balance this, we must be willing to treat the term kN OH.�1/Hsim

.�1/uk0 or

kNHsim
.�1/uk0: This, too, we discuss below.

For (2), we merely note that in the application of p. 120, i.e., from Propositions
10.5 and 10.14, when jI jCqCd C i 0 C i 00 D 0; not only does j � j drop, as it always
does, but also k � k will drop. That is, two X ’s do not bracket to generate a T; since
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there is no secondX ! Even in F2; where we appeared to use a second bracket to get
an X to the right, we didn’t need to use a bracket, merely to extract an X on the left
from GA0

.�1/
I‰X; which never generates a T:

The difficult second case under (1) above occurs when Ln (i.e., a T modulo an
Ln;) lands on the localizing function‰; leaving a term of the form

G 0
a0I‰ D CA0T p.T m/.@=@t/r‰T

s: (10.40)

A first remark is that if such a term operates on u00; it should be considered
admissible after all, since u00 is zero on the boundary and thus satisfies coercive
estimates (i.e., we may extract any derivative, for example a T; as in Proposition
10.11). In the expansions above, E 0

4 contains such a term, but either against .X/u00

again or with eLnu: If E41 or E42 generates such a term by commuting the Ln to the
left prior to integrating by parts, once again it is combined with u00: Thus we are led
to consider only the second type of terms, namely F1; : : : ; F4: Of these, F1 never
contributes Ln on a localizing function, while F3 also never does; the terms of the
form H.�1/u that F3 contributes are all in fact admissible.

There remain two types of terms to handle: those that vanish on the boundary
and those that we have called “simple”. Terms that vanish on the boundary, whether
of the form k.N / OH.�1/u00k0 or kH.�1/u00k0; satisfy coercive estimates that are
much stronger than the maximal estimate. The additional factor of N here merely
stays with such a term until a new localizing function must be introduced, as in
the previous section, and does not disturb the final estimates. A small additional
problem is posed by u00, in that while u00 is also a solution to the @-Neumann
problem, its right-hand side is not ˛00; i.e., we shall have to examineQ.u00; G�Gu00/
and relate it to ˛: But Q.u; G�Gu00/�Q.u00; G�Gu00/ D Q.u0; G�Gu00/, and since
the principal part of Q is diagonal, Q.u0; G�Gu00/ is a sum of terms of the form
.coeff u;DG�Gu00/0; which will be absorbed easily.

Finally, there are the simple terms, those withoutX ’s and withm D 0: But these
are handled just as above: a new localizing function is introduced that will need to
handle only half the original number of derivatives, though in a somewhat larger
open set. The process terminates after log2 N such iterations.



Chapter 11
Nonsymplectic Strata and Germ Analytic
Hypoellipticity

In all of the above cases, the characteristic variety for the operator has been
symplectic, in fact, a symplectic manifold. This is in agreement with the spirit of
Treves’ conjecture that in order to have analytic hypoellipticity, the characteristic
variety and all the subsidiary Poisson strata should be symplectic.

However, if one alters the definition of analytic hypoellipticity and replaces it by
analytic hypoellipticity in the sense of germs, there are situations in which not all
the strata are symplectic yet one has analyticity in this sense.

In a recent paper [Han], Hanges considered the operator

PH D @2t C t2�x C @2�.x/ D
4X
1

X2
j (11.1)

in R
3, where @�.x/ Dx1@=@x2 � x2@=@x1, and made the interesting distinction

between analytic hypoellipticity (AHE) in the germ sense and AHE in the strict
sense. While it is well known that the operator in (11.1) is not microlocally analytic
hypoelliptic, Hanges gave a proof in [Han] by means of explicit constructions
that the operator PH is not analytic hypoelliptic in the strict sense in any open
set U containing the origin, i.e., does not have the property that for any open
subset V of U; if P u is analytic in V then so is the solution u; yet has the
property that if P u is analytic in some neighborhood of the origin then so is u in a
(possibly smaller) neighborhood of the origin. He ties this result to the conjecture
of Treves concerning the Poisson strata of the operator P; namely that if one writes
P D P4

1 X
2
j ; and considers the successive strata where (1) all Xj vanish, (2) all

Xj and their first brackets vanish, (3) all Xj and their first and second brackets
vanish, etc., then the operator should be analytic hypoelliptic in the strict sense if
and only if all these strata are symplectic. In the case of the particular operator
being considered here, not even the characteristic variety is symplectic, being given
by t D � D x1�2 � x2�1 D 0:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 11, © Springer Science+Business Media, LLC 2011
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Here we give a very elementary, and flexible, proof of the affirmative part of his
result and argue that the negative part is entirely reasonable as well, though in our
proof we avoid completely any mention of so-called Treves curves, which foliate
the characteristic variety of P .

We also consider more general cases in which there is a stratum of the
characteristic manifold that is not symplectic: the symplectic form vanishes on that
stratum. Our proofs, as usual, are entirely “elementary” and use little beyond L2

estimates and careful localization in certain variables.

11.1 Proof for Hanges’ Operator (11.1)

As remarked above, we may take localizing functions to be independent of t; since
were a derivative in t to land on such a localizer, one would be in the region where
the operator was clearly elliptic and the analyticity of the solution u was well known.
We denote such an Ehrenpreis-type localizing function by '.x/ D 'N .x/ subject
to the usual growth of its derivatives: jD˛'j � C j˛jC1N j˛j for j˛j � N; where the
constantC is (universally) inversely proportional to the width of the band separating
the regions where ' � 0 and ' � 1:

Next, since P is C1 hypoelliptic, we may assume that u is smooth and proceed
to obtain estimates for Dp

t u and Dp
xj u near 0:

The a priori estimate for P; while subelliptic, is more importantly maximal: for
v 2 C1

0 ;

kDtvk2
L2

C
2X
1

ktDxj vk2
L2

C kD�.x/vk2
L2
.C kvk21=2/ � C jhP v; vij C Ckvk2

L2
:

(11.2)

Setting v D 'D
p
t u, to begin with, we obtain

kDt'D
p
t uk2

L2
C

2X
1

ktDxj 'D
p
t uk2

L2
C kD�.x/'D

p
t uk2

L2
.C k'Dp

t uk21=2/

� C jhP'Dp
t u; 'Dp

t uij C Ck'Dp
t uk2

L2

� C jh'Dp
t P u; 'Dp

t uiL2 j C C

4X
1

j.ŒX2
j ; 'D

p
t �u; 'D

p
t u/j C Ck'Dp

t uk2
L2
:

Now crucial among the brackets are those in the next two displays (recall that we
may take ' independent of t; and clearly to localize in x we may take it to be purely
radial in .x1; x2/, i.e., we choose ' to be constant on the integral curves of X4), so
that X4' D 0,

ŒX1; 'D
p
t � D ŒX4; 'D

p
t � D 0;
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and
ŒXj ; 'D

p
t � D t' 0Dp

t � p'DxD
p�1
t ; j D 2; 3:

In the first case, we may ignore the factor t and recognize the passage from one
power ofDt to a derivative on ' as an acceptable swing, which, upon iteration, will
lead to CpC1Np � CpC1pŠ when p � N: The second term takes two powers of
Dt (e.g.,X1 from the estimate and one power ofDt ) and produces a factor of p and
a “bad” vector field Dx: Iterating this will yield pŠŠDp=2

x u � pŠ1=2D
p=2
x u on the

support of ':
On the other hand, setting v D 'D

q
xj u; with perhaps q D p=2; or, better, v D

'�
q=2
x u, where we write �x D P

j D
2
xj

, we obtain

kDt'�
q=2
x uk2

L2
C

2X
1

ktDxj '�
q=2
x uk2

L2
C kD�.x/'�

q=2
x uk2

L2
.C k'�q=2

x uk21=2/

� C jhP'�q=2
x u; '�q=2

x uij C Ck'�q=2
x uk2

L2

� C jh'�q=2
x P u; '�q=2

x uiL2 j C C

4X
1

jhŒX2
j ; '�

q=2
x �u; '�q=2

x uij

CCk'�q=2
x uk2

L2
;

and now the crucial brackets are

ŒX2
1 ; '�

q=2
x � D 0; ŒX2

4 ; '�
q=2
x � D 0

and

ŒX2
j ; '�

q=2
x � D 2Xj t'

0�q=2
x � t2'.2/�q=2

x ; j D 2; 3

(where we have used rather heavily the fact that X4' D 0, since ' depends only on
x; and radially so, and that in fact ŒD� ;�x� D 0).

This last line leads to two kinds of terms, namely, for j D 2; 3,

h2Xj t' 0�q=2
x u; '�q=2

x ui

and

ht2'.2/�q=2
x u; '�q=2

x ui:
Morally, these terms show the correct gain to lead to analytic growth of derivatives,
namely one must think of t�1=2 as an Xj with j D 2 or j D 3; and so in the first
term above one merely integrates by parts, noting thatX�

j D �Xj , and obtains, after
a weighted Schwarz inequality, a small multiple of the left-hand side of the a priori
inequality and the square of a term with one derivative on ' and t�1=2 and q reduced
by one, though one more commutator is required to make the order correct, and
this will introduce another derivative on ' and q again decreased by one unit, etc.
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The second term is of a different character, though the same observation reduces us
essentially to

hX'.2/�.q�1/=2
x u; X'�.q�1/=2

x ui;
in which instead of each copy of ' receiving one derivative, we have two derivatives
on one copy and none on the other. Fortunately, the Ehrenpreis-type cut-off
functions may be differentiated not merely N times with the usual growth, but 2N
or 3N with no change—so in the above inner product we include a factor CN with
the copy of ' that remains undifferentiated and a factor of .CN/�1 with the other.
The estimates work out just as before.

This completes the proof of Hanges’ result.

11.2 A More Complicated Example

We consider

P.t; x;Dt ;Dx/ D D2
t C Œx1D2�x2D1C tk.x1D1Cx2D2/�

2 D X2
1 CX2

2 ; (11.3)

for some k � 2 in the region 0 < r1 � r � r2; r D jxj; x D .x1; x2/ 2 R
2:

The so-called Poisson–Treves stratification for P begins with the characteristic
manifold†1 D †0

1 [†00
1 and is given by

†10 D f� D 0; x1�2 � x2�1 C tk.x1�1 C x2�2// D 0; t ¤ 0gI
†100 D f� D 0; t D 0; x1�2 � x2�1 D 0; � D .�1; �2/ ¤ 0g
†j D f� D 0; x1�2 � x2�1 D 0; g; for 1 < j � k;

†kC1 D f0g; (11.4)

where the last equation means that †kC1 is just the zero section of T �
R
3.

The stratification consists of (1) the characteristic manifold, which is the com-
mon vanishing set of the symbols of the vector fields, (2) the common vanishing set
of the first “layer” above with the zeros of the symbols of the first brackets of the
vector fields, (3) the common vanishing set of the second “layer” above with the
zeros of the symbols of the second brackets of the vector fields, etc.

(For the sake of simplicity we ignore here that †1 has two connected compo-
nents: †1 D †1;� [†1;C, according to t 7 0.)

We explicitly remark that †0
1 is a symplectic submanifold of codimension 2,

while †00
1 is not symplectic. And †0

1 [†00
1 D CharP.

Let us define

X1 D Dt (11.5)

X2 D x1D2 � x2D1 C tk.x1D1 C x2D2/

D D� C tkDr D D� CR; (11.6)
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so that

P D X2
1 CX2

2 (11.7)

with

ŒX1;X2� D ktk�1R and ŒR;Xj � D 0; j D 1; 2: (11.8)

We have the a priori estimate

kvk2 1
kC1

C kX1vk20 C kX2vk20 �C ˚jhP v; vij C kvk20
�
; v 2 C1

0 ; (11.9)

where k � k0 denotes the L2-norm in Rt � R
2
x .

Theorem 11.1. P is analytic hypoelliptic in any open set of the form� D f.t; x/ 2
R
3 j r1 < jxj < r2; t 2 .�ı; ı/g; ı > 0:

11.3 The General Scheme

Since the operator is subelliptic, the solution will be in C1: Additionally, since for
t ¤ 0; the characteristic manifold of P is symplectic, we know that the solution is
analytic for t ¤ 0:

With a localizing function '.r/ to be made precise below (but of Ehrenpreis
type), and exploiting the maximality of the a priori estimate satisfied by P; we will
study k'XpC1uk2; each occurance of X beingX1 orX2: Using the a priori estimate
effectively will require moving one X to the left of ', but this will not present a
problem in the ensuing recurrence.

We will immediately be led to estimate the bracket

jhŒP; 'Xp�u; 'Xpuij:

Upon iteration, using (11.8), we arrive, after at most p iterations of the a priori
estimate, at terms of the form

Cpk.X/'.pC1/uk20 or CpCpŠŠk.X/'Rp=2uk20; (11.10)

and of course all the intermediate terms with some derivatives on '; some powers
of p; and some powers of R; all with the generic bounds

CCppak.X/'.b/Rauk with p � b C 2a:

Here pŠŠ D p.p � 2/.p � 4/ : : : ; the value of C may change from line to line
but always independently of u and the order of differentiation, and underlining a
coefficient indicates the number of terms of the form that follows that occur. Finally,
writing .X/ means that an X D X1 or X2 may or may not be present.
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When all X ’s have been consumed in this way, we may no longer iterate
effectively, and we must turn our attention to pure powers of R; suitably localized.

This will require a new localizing function and a construction we denote by
.Rq/ , reminiscent of [T4] and [T5], or more precisely [DT1], which requires a
special vector field M that commutes especially well with both X1 and X2; namely
reproducingX1 or generatingR:

11.4 The Vector Field M and the Localization

We are fortunate to have a “good” vector field M at our disposal that reproduces R
by bracketing that X2: with

M D t

k
Dt ; (11.11)

we have

ŒM;X2� D R: (11.12)

As localizing functions we shall use a nested family of Ehrenpreis-type functions
as used by as we have used before in [T4], [T5]. GivenN 2 N; the band r 2 .r1; r2/
will contain log2 N nested subbands,�k D fr W r1k � r � r2kg; r10 D r1; r20 D r2;

k � log2 N; with

dk D r1k � r1k�1
D r2k � r2k�1

D .r2 � r1/ 1
4k2

(11.13)

(so that
P
dk � r2 � r1) and functions 'k � 1 on �k and supported in �kC1; such

that with a constant C D Cr2�r1 ;

j'.`/k .r/j � .C=dk/
`C1N `

k for ` � Nk D N=2k�1: (11.14)

The functions 'k; but not the constant C; depend on the choice of N: In fact, we
shall double the number of these functions, for technical reasons, '1; Q'1; '2; Q'2; : : :
with 'j and Q'j satisfying the same growth estimates.

Given the definition of M above, and for p 2 R large and j 2 f0; 1; : : : ; pg,
we define the expressions

Nj D
jX

j 0D0
a
j

j 0

Mj 0

j 0Š
; (11.15)

where the aj
j 0 denote rational numbers satisfying properties, which shall be made

precise below, that optimize commutation relations.
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Finally, we define our localizing operator, which is equal to Rp where ' � 1:

We let

Rp' D
pX
jD0

'.j /NjR
p�j D

pX
jD0

.Rj'/NjR
p�j : (11.16)

11.5 The Commutation Relations for Rp'

For two vector fields Z and QZ we shall frequently use the formula

ŒZj ; QZ� D
jX
kD1

 
j

k

!
adkZ. QZ/Zj�k; (11.17)

where

adZ. QZ/ D ŒZ; QZ�; ad2Z. QZ/ D ŒZ; ŒZ; QZ��;
and so forth.

11.6 The Bracket ŒX2;R
p
'�

We first compute the commutator of X2 with Nj . We have

ŒX2;Nj � D
jX

j 0D1
a
j

j 0

"
X2;

Mj 0

j 0Š

#
D �Rk

jX
j 0D1

a
j

j 0

j 0X
`D1

1

`Š

Mj 0�`

.j 0 � `/Š
R;

since

ŒX2;M � D �tkR:
We seek to find coefficients aj

j 0 such that

ŒX2;Nj � D �t kNj�1R;

which will ensure that the bracket ŒX2; R
p
' � is free of the (poorly controlled) vector

field R (see below). Using (11.10), the necessary condition is that the ajj 0 must
satisfy

jX
j 0D1

j 0X
`D1

a
j

j 0

1

`Š

M j 0�`

.j 0 � `/Š D
j�1X
j1D1

a
j�1
j1

M j1

j1Š
; (11.18)
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or
j�`X
sD1

a
j

`Cs
1

sŠ
D a

j�1
` ; (11.19)

for ` D 0; 1; : : : ; j � 1.
We shall come back to condition (11.19) later; for the time being we may

conclude the following:

Lemma 11.1. With the coefficients aj
j 0 chosen as above,

ŒX2;Nj � D �t kNj�1R;
for every j 2 N.

Proposition 11.1.
ŒX2; R

p
' � D tk'.pC1/Np:

Proof. Using the above lemma, we have, for these aj
j 0 ;

ŒX2; R
p
' � D tk

pX
jD0

'.jC1/NjRp�j � tk
pX
jD1

'.j /Nj�1RpC1�j

D tk'.pC1/Np C tk
pX
jD1

'.j /Nj�1Rp�.jC1/ � tk
pX
jD1

'.j /Nj�1RpC1�j

D tk'.pC1/Np:
ut

11.7 The Bracket ŒX1;R
p
'�

First observe that

ad`M .X1/ D
�

� 1
k

�`
X1; (11.20)

for every ` 2 N .
Therefore,

ŒX1;Nj � D
jX

j 0D1
a
j

j 0

"
X1;

M j 0

j 0Š

#
D �X1

jX
j 0D1

j 0X
`D1

a
j

j 0

�
� 1
k

�`
1

`Š

Mj 0�`

.j 0 � `/Š
;

so that we have

ŒX1; R
p
' � D

pX
jD1

'.j /.�X1/
jX

j 0D1

j 0X
`D1

a
j

j 0

�
� 1
k

�`
1

`Š

Mj 0�`

.j 0 � `/Š
Rp�j : (11.21)
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Our next goal is to prove the following lemma:

Lemma 11.2. For every j 2 N and ` 2 f1; : : : ; j g there exist real constants ıs ,
s D 0; : : : ; j � 2, such that

j�`X
hD1

a
j

`Ch
�

� 1
k

�h
1

hŠ
D

j�`X
hD1

ıj�`�ha`Ch�1
` : (11.22)

The above lemma has an easy consequence:

Lemma 11.3. For every j 2 N there exist real constants ”s , with s D 0; : : : ; j � 1,
such that

jX
j 0D1

j 0X
`D1

a
j

j 0

�
� 1
k

�`
1

`Š

M j 0�`

.j 0 � `/Š
D

j�1X
sD0

”j�sNs: (11.23)

Proof of Lemma 11.3. The identity (11.23) can be restated as

j�1X
sD0

jX
j 0DsC1

a
j

j 0

�
� 1
k

�j 0�s
1

.j 0 � s/Š
M s

sŠ
D

j�1X
sD0

sX
hD0

”j�sash
Mh

hŠ
;

or
j�1X
sD0

jX
j 0DsC1

a
j

j 0

�
� 1
k

�j 0�s
1

.j 0 � s/Š

M s

sŠ
D

j�1X
`D0

j�1X
sD`

”j�sas`
M `

`Š
;

from which we get

jX
j 0D`C1

a
j

j 0

�
� 1
k

�j 0�`
1

.j 0 � `/Š D
j�1X
sD`

”j�sas`:

Now the latter identity can be rewritten as

j�`X
hD1

a
j

`Ch
�

� 1
k

�h
1

hŠ
D

j�`X
hD1

ıj�`�ha`Ch�1
` ;

for any ` D 1; : : : ; j � 1, and this is in the statement of Lemma 11.2. ut
Proof of Lemma 11.2. In order to prove Lemma 11.2 we must analyze the
recurrence relation (11.19):

j�`X
hD1

a
j

`Ch
1

hŠ
D a

j�1
`

;

for ` D 0; 1; : : : ; j � 1.
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Another way of rewriting the above relation is the following:

2
66666666664

1 1
2Š

� � � 1
.j�1/Š

1
j Š

0 1 � � � 1
.j�2/Š

1
.j�1/Š

:::
:::

: : :
:::

:::

0 0 � � � 1 1
2Š

0 0 � � � 0 1

3
77777777775

2
66664

a
j
1

:::

a
j
j

3
77775 D

2
66664

a
j�1
0

:::

a
j�1
j�1

3
77775 : (11.24)

Note that on the left-hand side there are no terms of the form a
j
0 , which means that

we are free to choose those coefficients. We shall choose a00 D 1 for the sake of
simplicity, leaving the others undetermined.

We point out that the matrix in the above formula is clearly invertible and that it
can be written as

Ij C 1

2Š
Jj C 1

3Š
J 2j C � � � C 1

j Š
J
j�1
j D

Z 1

0

etJj dt;

where Jj denotes the standard j � j Jordan matrix

qj D

2
666666664

0 1 0 � � � 0 0

0 0 1 � � � 0 0
:::

:::
:::

: : :
:::

:::

0 0 0 � � � 1 0

0 0 0 � � � 0 1

0 0 0 � � � 0 0

3
777777775
:

Using, for example, formula (11.24), we may easily see that by inverting the matrix,
we obtain

2
66664

a
j
1

:::

a
j
j

3
77775 D

2
66666666664

c0 c1 � � � cj�2 cj�1

0 c0 � � � cj�3 cj�2
:::

:::
: : :

:::
:::

0 0 � � � c0 c1

0 0 � � � 0 c0

3
77777777775

2
66664

a
j�1
0

:::

a
j�1
j�1

3
77775 ; (11.25)
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where c0 D 1, c1 D � 1
2Š

, and the other cm can be computed by a triangular relation.
In particular, using the structure of the matrix, we obtain that

2
66664

a
j

`C1
:::

a
j
j

3
77775 D

2
66666666664

c0 c1 � � � cj�`�2 cj�`�1

0 c0 � � � cj�`�3 cj�`�2
:::

:::
: : :

:::
:::

0 0 � � � c0 c1

0 0 � � � 0 c0

3
77777777775

2
66664

a
j�1
`

:::

a
j�1
j�1

3
77775 ; (11.26)

for ` D 0; 1; : : : ; j � 1.
Another way of writing the above identity is

a
j

`Ch D
j�`X
sDh

cs�haj�1
`�1Cs ; (11.27)

for h D 1; 2; : : : ; j � `.
Iterating, we get

a
j�t
`�tCh D

j�`X
sDh

cs�haj�t�1
`�t�1Cs ;

for t D 0; 1; : : : ; j � ` � 1.
Let us now fix an h 2 f1; : : : ; j � `g. Then we have

a
j

`Ch D
j�`X
s1Dh

cs1�ha
j�1
`�1Cs

D
j�`X
s1Dh

j�`X
s2Ds1

cs1�hcs2�s1a
j�2
`�2Cs2

D
j�`X
s1Dh

j�`X
s2Ds1

� � �
j�`X

shDsh�1

cs1�hcs2�s1 � � � csh�sh�1
a
j�h
`�hCsh :

The latter sum can be written as

a
j

`Ch D ch0 a
j�h
` C

j�`X
s1Dh

j�`X
s2Ds1

� � �
j�`X

shDsh�1
sh>h

cs1�hcs2�s1 � � � csh�sh�1
a
j�h
`�hCsh

D ch0 a
j�h
` C

j�`X
s1Dh

j�`X
s2Ds1

� � �
j�`X

shDsh�1
sh>h

j�`X
shC1Dsh

cs1�h � � � cshC1�sha
j�h�1
`�h�1CshC1

:
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The latter sum allows us to compute the coefficient of aj�h�1
`

, by picking all terms
for which one of the sj is equal to hC 1, for j D 1; 2; : : : ; hC 1.

Iterating this procedure, i.e., using the recurrence relation until we obtain a
coefficient a�� where the lower index is equal to `, we may express the coefficient
a
j

`Ch as a linear combination of a�̀; the above formulas show that we may actually
write

a
j

`Ch D
j�`�hX
�D0

˛j�`��a`C�` ; (11.28)

for h D 1; 2; : : : ; j � `.
We point out explicitly that up to this point we have used only the recurrence

relation (11.19). Let us now denote by Ah the collection of real numbers Ah D
.�k�1/hhŠ�1. Then it is evident that

j�`X
hD1

a
j

`ChAh D
j�`�1X
�D0

ıj�`��a`C�` ;

where ıj�`�� D Pj�`��
hD1 Ah, and this is the statement of the lemma. ut

Lemma 11.4 (See [DT1] and [Hi]). Let us consider the recurrence relation
(11.19):

j�`X
sD1

a
j

`Cs
1

sŠ
D a

j�1
` :

Setting

a
j

` D 1

.j � `/Š

 �
t

et � 1

�jC1!.j�`/
.0/; (11.29)

we obtain a solution of the above recurrence satisfying the boundary conditions
a
j
j D 1 and aj0 D .�1/j , j � 0. Moreover, this is the only power series with

rational coefficients satisfying (11.19) and the above boundary conditions.

Proof. By a simple computation we have

a
j�1
` D 1

.j � 1 � `/Š

 �
t

et � 1

�j!.j�1�`/
.0/

D 1

.j � 1 � `/Š

 �
t

et � 1

�jC1
et � 1
t

!.j�1�`/
.0/

D
j�1�`X
hD0

1

.j � 1 � ` � h/Š

 �
t

et � 1

�jC1!.j�1�`�h/
.0/

1

.hC 1/Š
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D
j�`X
pD1

1

.j � 1 � p/Š

 �
t

et � 1
�jC1!.j�`�p/

.0/
1

pŠ

D
j�`X
pD1

a
j

`Cp
1

pŠ
;

where we used the fact that

1

hŠ

�
et � 1

t

�.h/
.0/ D 1

.hC 1/Š
:

Moreover, we have ajj D 1 for every j � 0. As for the other boundary condition,
first we remark that

a
j
0 D 1

j Š

 �
t

et � 1
�jC1!.j /

.0/;

i.e., aj0 is the coefficient of t j in the power series of Q.t/,

Q.t/ D
�

t

et � 1
�jC1

:

Thus

a
j
0 D 1

2i	

Z
”

�
1

ez � 1

�jC1
d z;

where ” is a smooth curve encircling the origin in C.
Changing variables w D ez � 1, so that the origin is mapped to the origin and ”

is mapped to another smooth curve encircling the origin that we still denote by ”,
we have

a
j
0 D 1

2i	

Z
”

w�.jC1/.w C 1/�1d z D .�1/j :

The uniqueness is proved in [Hi]. This ends the proof of the lemma. ut
As a consequence of the preceding lemmas we may now state the following

result:

Proposition 11.2. The commutator of X1 with the localizing operator Rp' has the
form

ŒX1; R
p
' � D �X1

p�1X
`D0

ı`R
p�`�1
'.`C1/ ; (11.30)

where '.j / denotes the jth derivative .r@r /j ' and ı` D P`
1

1

khhŠ
� 1:



144 11 Nonsymplectic Strata and Germ Analytic Hypoellipticity

From Lemma 11.4 we have the following corollary:

Corollary 11.1. For every j � 0 and ` 2 f0; : : : ; j g we have

jaj` j � cj ;

for a suitable universal positive constant c.

Proof. From (11.29) we have that

a
j

` D 1

2i	

Z
”

�
t

et � 1
�jC1

t�.j�`C1/ dt;

where ” is a circle of fixed radius around the origin. Since the function under the
integral sign may be estimated by a positive constant (depending on the radius of ”)
raised to the power j , the corollary follows. ut

11.8 Proof of Theorem 11.1

In this section we prove that P is analytic hypoelliptic in any open set of the form
� D f.t; x/ 2 R

3 j r1 < jxj < r2; t 2 .�ı; ı/g; ı > 0:
The maximal estimate may be restated to allow X to appear to the right or left of

the localizing function (where  0 D X ):

k Xpuk2 1
kC1

C kX Xpuk20 C k XpC1uk20
. jhP Xpu;  Xpuij C k 0Xpuk20
. jh XpP u;  Xpuij C jhŒX2;  Xp�u;  Xpuij C k 0Xpuk20: (11.31)

Now

jhŒX2;  Xp�u;  Xpuij � jhŒX;  Xp�u; X Xpuij C jhŒX;  Xp�Xu;  Xpuij
. jh 0Xpu; X Xpuij C pjhtk�1 RXp�1u; X Xpuij

C jh XpXu;  0Xpuij C pjhtk�1 XpRu;  Xpuij
� "

˚kX Xpuk20 C k XpC1uk20
�

CC"
˚k 0Xpuk20 C .pk Xp�1Ruk0/2

�
;

where we have freely exchanged  and  0 on the two sides of the inner product
when no derivatives intervened. Note that ŒX;R� D 0:
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In all,

k Xpuk2 1
kC1

C kX Xpuk20 C k XpC1uk20
. k XpP uk20 C k 0Xpuk20 C .pk RXp�1uk0/2:

Here the L2 norms on the left-hand side (the “maximal” part of the estimate as
opposed to the subelliptic part) are the principal ones. And (11.32) has the effect
of reducing the number of X ’s by one while adding a derivative to the localizing
function or reducing the number of X ’s by two, introducing a factor of at most a
multiple of p and the operatorR, which commutes with P and X .

Iterating this process as long as at least oneX remains to profit from the maximal
portion of the estimate yields

k Xpuk2 1
kC1

C kX Xpuk20 C k XpC1uk20

� Cp

(
sup

jC2d�p
fpdk .j /RdXp�j�2dP uk20g C sup

jC2dDp
.pdk .j /Rduk0/2

)
:

(11.32)

The last term occurs as a sum, though with a larger constant C we may replace the
sum with a supremum, and the expression j C 2d Dp reflects that either the X ’s
that were present became derivatives on  or a pair of them yielded a factor of P
and an R.

The first term on the right can be estimated directly (even taken to be zero, using
the Cauchy–Kovalevskaya theorem). For the second, we will take the localizing
function out of the norm and introduce one of the .Rd/ Q � Rd on the support of  :

Thus for such Q ; and taking P u D 0 for simplicity,

k Xpuk 1
kC1

C kX Xpuk0 C k XpC1uk0 � sup
jC2dDp

pd sup j .j /jk.Rd / Q uk0:
(11.33)

For convenience we recall the bracket relations and a few important definitions
(for generic '):

�
X1; .R

b/'
� D �X1

b�1X
`D0

ı`
	
Rb�`�1


'.`C1/ ; jı`j � 1;

�
X2; .R

b/'
� D tk'.bC1/Nb;

Nb D
bX

b0D0
abb0

Mb0

b0Š
; M D t

k
Dt ; jabb0 j � cb:
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As above, we use the a priori estimate, but now on v D .Rd/'u:

k.Rd /'uk2 1
kC1

C kX.Rd /'uk20 C k.Rd /'Xuk20
. jhP.Rd/'u; .Rd/'uij C kŒX; .Rd /'�uk20
. jh.Rd/'P u; .Rd /'uij C jhŒX2; .Rd/' �u; .R

d /'uij C kŒX; .Rd/'�uk20:
(11.34)

Again, taking P u D 0; and expanding ŒX2; .Rd /'� D XŒX; .Rd /'�C ŒX; .Rd /'�X;

we obtain, as before, with a weighted Schwarz inequality and integrating by parts
since X D �X�,

k.Rd /'uk2 1
kC1

C kX.Rd /'uk20 C k.Rd/'Xuk20
. jhŒX; .Rd/'�Xu; .Rd /'uij C kŒX; .Rd /'�uk20: (11.35)

Now on the right, whenX D X1; the result, as we saw above, still has an X1; which
we integrate by parts in the case of the inner product:

jhŒX1; .Rd /'�X1u; .Rd/'uij C kŒX1; .Rd /'�uk20

� "kX1.Rd /'uk20 C C"

dX
d1D1

k.Rd�d1 /'.d1/X1uk20: (11.36)

On the other hand, whenX D X2; we have nearly pure powers of tDt ; which it will
be necessary to convert into pure powers of X1 D Dt (from which we started, but,
we note, of at most half the order).

Proposition 11.3.

.tDt /
j D

jX
`D1

B
j

` t
`D`

t ;

where

B
j

` D
`�1X
mD0

.�1/m.` �m/j�1

mŠ.` �m � 1/Š
D

`�1X
mD0

.�1/m.` �m/j

mŠ.` �m/Š ;

so that for all v; pointwise,

j.tDt/
j vj

j Š
� Cj

jX
`D1

jt`D`
t vj

`Š

and hence in jt j < 1;

jNbvj D
ˇ̌
ˇ̌̌ bX
b0D0

abb0

Mb0

b0Š
v

ˇ̌
ˇ̌̌ D

ˇ̌
ˇ̌̌ bX
b0D0

�
1

k

�b0

abb0

.tDt /
b0

b0Š
v

ˇ̌
ˇ̌̌ � Cb sup

b0�b

ˇ̌
ˇ̌̌Xb0

1 v

b0Š

ˇ̌
ˇ̌̌
:



11.8 Proof of Theorem 11.1 147

This particular expression for the coefficients Bj

` is proved by induction and can
be understood by a kind of overcounting/undercounting argument. One pleasing
interpretation for the quantitiesBj` j Š is the number of ways to color j objects with `
colors, ensuring that all the colors are used. Thus, we have an alternative expression
for Bj

`:

B
j

` D
 
j

`

!
`j�`;

which is also easily proved by induction.
Thus for X2;

jhŒX2; .Rd /'�X2u; .Rd /'uij C kŒX2; .Rd/'�uk20
� jhtk'.dC1/NdX2u; .Rd /'uij C ktk'.dC1/Nduk20

� Cd sup
d 0�d

�����'.dC1/ Xd 0

1 .X2/u

d 0Š

�����
2

0

C "k.Rd/'uk20; (11.37)

or in all,
��.Rd /'u

��2
1

kC1
C kX.Rd/'uk20 C k.Rd/'Xuk20

� C

dX
d1D1

k.Rd�d1/'.d1/X1uk20 C Cd sup
d 0�d

�����'.dC1/Xd 0

1 .X2/u

d 0Š

�����
2

0

(11.38)

(i.e., with or without X2 in the last term). Iterating on the first term on the right,
eventually only the last term survives:

��.Rd/'u
��2

1
kC1

C kX.Rd/'uk20 C k.Rd /'Xuk20

� Cd sup j'.dC1/j sup
d 0�d

����� Q' Xd 0C1u
.d 0 C 1Š/

�����
2

0

(11.39)

for any '; Q' with Q' � 1 on the support of '.
Recalling the previous bound

�� Xpu
��2

1
kC1

C kX Xpuk20 C k XpC1uk20
� sup

jC2dDp
pd sup j .j /jk.Rd / Q uk20; (11.40)

valid for any Q � 1 on the support of  ; we have the choice of starting with X ’s,
reducing the order by half, introducing .Rd /' and iterating that until we are back to
X ’s, or starting with .Rd/'; reducing to X ’s until they bracket to yield pure R’s at
half the order.
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In either order, after one full cycle, we need a new localizing function each time
.Rd /' is put together. Thus in starting with N derivatives to estimate, after log2 N
full cycles, the number of free derivatives on u will be only a bounded number.

For definiteness, we follow the cycle starting with powers of X ’s, and introduce
for a moment the new norms

jjj ;Xp; ujjj D �� Xpu
��

1
kC1

C kX Xpuk0 C k XpC1uk0

and
jjj.Rd/'; ujjj D ��.Rd /'u

��
1

kC1
C kX.Rd/'uk0 C k.Rd /'Xuk0;

so that the above may be written

jjj.Rd /'; ujjj � Cd sup
d 0�d

1

.d 0 C 1/Š
jjj'.dC1/; Xd 0C1; ujjj (11.41)

for any ' and

jjj ;Xp; ujjj � sup
jC2dDp

pd sup j .j /j jjj.Rd/ Q ; ujjj: (11.42)

Thus we start with D '1 (the first in the sequence of precisely nested localizing
functions (cf. (11.14)) for a fixed N D N1 2 N:

kXN1ukL2.�1/
N1Š

� jjj'1;XN1 ; ujjj
N1Š

� sup
N2�eN1�N1

jjj'1;XeN1 ; ujjj
fN1Š

� sup
`1C2ı1DeN1
N2�eN1�N1

fN1ı1 sup j'.`1/1 j jjj.Rı1/ Q'; ujjj
fN1Š

� sup
`1C2ı1DeN1
N2�eN1�N1

�
C
d1


`1 fN1`1Cı1 jjj.Rı1/ Q'; ujjj
fN1Š ;

with any Q' � 1 near the support of '1:
Now there is some freedom in the choice of Q'; since all that we have required is

that it be equal to 1 on the support of '1; and we pick the largest index k consistent
with the ı1; k giving the supremum just above, i.e., Nk � ı1 � NkC1 and k � 2,
since `1 C 2ı1 D N1: Thus with Q' D 'k and together with the other estimate,

jjj.Rı/'k ; ujjj � Cı sup j'.ıC1/k j sup
ı0�ı

jjje'k;Xı0C1; ujjj
.ı0 C 1/Š

; (11.43)
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we arrive at

kXN1uk2
L2.�1/

N1
N1

� sup
N2�eN1�N1

jjje'1;XeN1 ; ujjj
fN1eN1

� sup
`C2ıDeN1

N2�eN1�N1C1

�
C
d1


`fN1`CıC ı sup j'.ıC1/k j
fN1eN1

� sup
NkC1�eNk�NkC1;k�2

jjje'k;XeNk ; ujjj
fNkeNk

� sup
`C2ıDeN1
N2�eN1�N1

�
C
d1


`fN1`CıC ı
�
C
dk


ıC1
N
.ıC1/
k

fN1eN1

� sup
NkC1�eNk�NkC1;k�2

jjje'k;XeNk ; ujjj
fNkeNk

� CeN1 sup
`C2ıDeN1

d�`
1 d

�.ıC1/
k

2`Cı2k.ıC1/
sup

NkC1�eNk�NkC1;k�2

jjje'k;XeNk ; ujjj
fNkeNk :

Now the expressions in the first supremum increase as k decreases, bounded
by d

�.N1C1/
1 =2N1C1: Iteration will introduce another coefficient bounded by

CN2d
�.N2C1/
2 =22.N2C1/; then next by CN3d

�.N3C1/
3 =23.N3C1/: Since

d
�.NkC1/
k

2k.NkC1/ D CNk
.k2/NkC1

.2k/NkC1 ;

iteration at most log2 N times will lead to a product

…
log2 N
kD1 C

Nk

�
k2

2k

� N

2k
C1

� .C 0/N

times a constant depending only on the first few derivatives of u in the largest open
set encountered.

This yields the analyticity of u in the smallest open set, since all estimates are
uniform in N .
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11.9 Nonclosed Bicharacteristics with Nontrivial Limit Set

We want to study a model of the form

P.t; x;Dt ;Dx/ D D2
t CX2

2 ;

where

X2 D g1.x/g2.x/Œx1D2 � x2D1 C 
.x1D1 C x2D2/C tk.x1D1 C x2D2/�;

g1.x/ D jxj2 � a2;
g2.x/ D b2 � jxj2;

with 0 < a < b in the open set a < jxj < b and 
 > 0 is a given constant.
The characteristic set of P in the above-mentioned region is

Char.P/ D f� D 0; x1�2 � x2�1 C 
.x1�1 C x2�2/C tk.x1�1 C x2�2/ D 0g:

As for the Poisson stratification of P , we have

†1 D f� D 0; x1�2 � x2�1 C 
.x1�1 C x2�2/C tk.x1�1 C x2�2/ D 0; t ¤ 0gI
†2 D f� D t D 0; x1�2 � x2�1 C 
.x1�1 C x2�2/ D 0; x1�1 C x2�2 ¤ 0gI
†j D †2; j � kI

†kC1 D f0g;

i.e. the zero section of T �
R
3 over the above specified region.

Evidently, since codim†2 D 3,†2 (or rather each of its connected components)
is not a symplectic submanifold of T �

R
3.

Let us take a look at the Hamilton foliation of †2. Define

A D
�

 1

�1 


�
; (11.44)

so that
†2 D f� D 0 D t; hx;A�i D 0g; (11.45)

where x D .x1; x2/ and � D .�1; �2/, � ¤ 0, and hx; �i ¤ 0.
Then we know that hx;A�i � 0 on every leaf in †2, i.e., on every integral curve

of the Hamilton field of hx;A�i issued from a point in †2.
The Hamilton system is

Px D g1.x/g2.x/
tAx;

P� D �g1.x/g2.x/A�: (11.46)
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We easily see that because of the structure of the matrix A, we have

1

2
dt jxj2 D g1.x/g2.x/




2
jxj2;

1

2
dt j�j2 D �g1.x/g2.x/


2
j�j2;

so that both the spatial and the covariable projections of the bicharacteristics
are logarithmic spirals. Moreover, the spatial projection spirals between the two
asymptotic circles gi .x/ D 0, i D 1; 2, which are stationary orbits of the first two
equations in (11.46).

We point out that dthx; �i � 0, so that hx; �i is constant along the orbits and once
the first two equations in (11.46) are solved, the second couple—i.e., the covariable
projection—is easy:

�.t/ D exp

�
�
Z t

0

g1.x.s//g2.x.s//ds A

�
�0;

where �0 is its initial data.
We may apply Theorem 4.2 in [Sj3] to the operator P and conclude that if ”0

denotes a segment of a bicharacteristic curve in †2, then either ”0 	 WFa.u/ or
”0 \WFa.u/ D ¿, where u is a solution of P u 2 C! in some open set.

Let nowU be an open set in R
3 projecting onto an annulus of the form a < jxj <

b in the x-variables. By iteratively applying the above-mentioned theorem one can
prove the following:

Theorem 11.2. Let u be a distribution such that P u 2 C!.U /, U being defined as
above. Then if both circles gi .x/ D 0, i D 1; 2, do not intersect WFa.u/, we have
that u 2 C!.U /.





Chapter 12
Operators of Kohn Type That Lose Derivatives

In [K4], J.J. Kohn proved hypoellipticity for the operator

P D LL� C .zkL/�.zkL/; L D @

@z
C iz

@

@t
;

for which there is a large loss of derivatives; indeed, in the a priori estimate one
bounds only the Sobolev norm of order �.k�1/=2; and thus there is a loss of k�1
derivatives: P u 2 Hs

loc H) u 2 Hs�.k�1/
loc .

In this chapter we will show that all solutions of P u D f with f real analytic
are themselves real analytic in any open set where f is. In so doing we use an a
priori estimate that follows easily from that established by Kohn for this operator,
namely for test functions v of small support near the origin,

kLvk20 C kzkLvk20 C kvk2� k�1
2

. j.P v; v/0j: (12.1)

In fact, in [T9] (see also [BDKT]), we give a rapid and direct derivation of (12.1) for
this operator and similar estimates for more degenerate operators. In Kohn’s work,
the difficult part is to establish the estimate; indeed, after this is done, with explicit
cut-off functions but applied to functions that do not already have small support, the
C1 hypoellipticity follows at once.

Our approach uses an estimate on test functions, already of small support, and
then carefully localizes the actual solution so that it becomes one of these test
functions (once we know that the solution may be differentiated).

The first two terms on the left of the estimate (12.1) exhibit maximal control in
L and zkL; but only these complex directions. Hence in obtaining recursive bounds
for derivatives it is essential to keep one of these vector fields available for as long
as possible.

For this, we will construct a carefully balanced localization of high powers of
T D �2i@=@t and use the estimate repeatedly, reducing the order of powers of
T but accumulating derivatives on the localizing functions. These Ehrenpreis-type

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 12, © Springer Science+Business Media, LLC 2011
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154 12 Operators of Kohn Type That Lose Derivatives

localizing functions work “as if analytic” up to a prescribed order, with all constants
independent of that order, as in [T4], [T5], but eventually the good derivatives (L
or zkL) are lost and we must use the third term on the left of the estimate, absorb
the loss of k�1

2
derivatives, introduce a new localizing function of larger support,

and start the whole process again, but with only a (fixed) fraction of the original
power of T .

12.1 Observations and Simplifications

Our first observation is that we know the analyticity of the solution for z different
from 0 from our earlier work [T4], [T5] and Treves’ [Tr4]. Thus, modulo brackets
with localizing functions whose derivatives are supported in the known analytic
hypoelliptic region, we take all localizing functions independent of z:

Our second observation is that it suffices to bound derivatives measured in terms
of high powers of the vector fields L and L in L2 norm, by standard arguments, and
indeed, estimating high powers of L can be reduced to bounding high powers of L
and powers of T of half the order, by repeated integration by parts. Thus our overall
scheme will be to start with high powers (order 2p) of L or L; and use integration
by parts and the a priori estimate repeatedly to reduce to treating T pu in a slightly
larger set.

And to do this, we introduce a new special localization of T p adapted to this
problem.

12.2 The Localization of High Powers of T

The new localization of T p may be written in the form

.T p1;p2 /' D
X
a�p1
b�p2

La ı za ı T p1�a ı '.aCb/ ı T p2�b ı zb ı Lb
aŠbŠ

: (12.2)

Here by '.r/ we mean .�i@=@t/r'.t/, since near z D 0 we have seen that we may
take the localizing function independent of z:

Note that the leading term (with a C b D 0/ is merely T p1'T p2 , which equals
T p1Cp2 on the initial open set �0 where ' � 1: We observe the close connection
between this “splitting” of L and L to opposite sides of the localizing function and
that in Chapter 8 above, and in particular in Definition 9.1.

We have the commutation relations

ŒL; .T p1;p2 /'� � L ı .T p1�1;p2 /'0 ;

ŒL; .T p1;p2 /'� � .T p1;p2�1/'0 ı L;
Œ.T p1;p2/' ; z� D .T p1�1;p2 /'0 ı z;
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and
Œ.T p1;p2/' ; z� D z ı .T p1;p2�1/'0 ;

where the � denotes modulo Cp1�p0

1Cp2�p0

2 terms of the form

Lp1�p0

1 ı zp1�p0

1 ı T p0

1 ı '.p1�p0

1Cp2�p0

2C1/ ı T p0

2 ı zp2�p0

2 ı Lp2�p
0

2

.p1 � p0
1/Š.p2 � p0

2/Š
(12.3)

with either p0
1 D 0 or p0

2 D 0; i.e., terms in which all free T derivatives have been
eliminated on one side of ' or the other. Thus if we start with p1 D p2 D p=2;

and iteratively apply these commutation relations, the number of T derivatives not
necessarily applied to ' is eventually at most p=2:

12.3 The Recurrence

We first insert v D .T
p
2
;
p
2 /'u in the a priori inequality, then bring .T

p
2
;
p
2 /' to the

left of P D �LL�LzkzkL, since P u is known and analytic. We have, omitting for
now the “subelliptic” term,

kL.T p
2 ;
p
2 /'uk20 C kzkL.T

p
2 ;
p
2 /'uk20

. j.P.T p
2 ;
p
2 /'u; .T

p
2 ;
p
2 /'u/0j

. j..T p
2 ;
p
2 /'P u; .T

p
2 ;
p
2 /'u/0j C j.ŒP; .T p

2 ;
p
2 /'�u; .T

p
2 ;
p
2 /'u/0j

and, by the above bracket relations,

.ŒP; .T
p
2 ;
p
2 /'�u; .T

p
2 ;
p
2 /'u/

D �.ŒLL; .T p
2 ;
p
2 /'�u; .T

p
2 ;
p
2 /'u/� .ŒLzkzkL; .T

p
2 ;
p
2 /' �u; .T

p
2 ;
p
2 /'u/

� �.L.T p
2 ;
p
2 �1/'0Lu; .T

p
2 ;
p
2 /'u/� .L.T p

2 �1; p2 /'0Lu; .T
p
2 ;
p
2 /'u/

�..T p
2 �1; p2 /'0LzkzkLu; .T

p
2 ;
p
2 /'u/

�
kX

k0D1
.Lzk

0

.T
p
2 ;
p
2 �1/'0zk�k0

zkLu; .T
p
2 ;
p
2 /'u/

�
k�1X
k0D0

.Lzkzk
0

.T
p
2 �1; p2 /'0zk�k0

Lu; .T
p
2 ;
p
2 /'u/

� .LzkzkL.T
p
2 ;
p
2 �1/'0 u; .T

p
2 ;
p
2 /'u/;

with the same meaning for � as above.
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In every term, no powers of z or z have been lost, though some may need to be
brought to the left of the .T q1;q2 / Q' with again no loss of powers of z or z and a further
reduction in order. Every bracket reduces the order of the sum of the two indices p1
and p2 by one (here we started with p1 D p2 D p=2), picks up one derivative on ';
and leaves the vector fields over which we have maximal control in the estimate
intact and in the correct order.

Thus we may bring either Lzk or L to the right as zkL or L; and use a weighted
Schwarz inequality on the result to take maximal advantage of the a priori inequality.
Iterations of all of this continue until there remain at most p=2 free T derivatives
(i.e., the T derivatives on at least one side of ' are all “corrected” by good vector
fields) and perhaps as many as p=2 L orL derivatives, and we may continue further
until, at worst, these remaining L or L derivatives bracket two at a time to produce
more T ’s, with corresponding combinatorial factors.

After all of this, there will be at most T
3p
4 derivatives remaining, and a factor of

p
2
ŠŠ � p

4
Š

It is here that the final term on the left of the a priori inequality is used, in order
to bring the localizing function out of the norm after creating another balanced
localization of T 3p=4 with a new localizing function of Ehrenpreis type with slightly
larger support, geared, roughly, to 3p=4 instead of to p:

Recall that such such localizing functions  may be constructed for any N and
that they satisfy ˇ̌

 .r/
ˇ̌ �

�
C

e

�rC1
N r ; r � 2N;

where C is independent of N and e D dist.f � 1g; .supp /c/:

12.4 Conclusion of the Proof

Finally, this entire process, which reduced the order from p to at most 3p=4,
(or more precisely to at most 3p=4 C .k � 1/=2), is repeated, over and over, each
time essentially reducing the order by a factor of 3=4: After at most log4=3 p such
iterations we are reduced to a bounded number of derivatives, and, as in [T4] and
[T5], all of these nested open sets may be chosen to fit in the one open set �0
where P u is known to be analytic, and all constants chosen independent of p (but
depending on P u). The fact that in those works one full iteration reduced the order
by half played no essential role; a factor of 3=4 works just as well.

To be precise, the sequence of open sets f�j g; each compactly contained in the
next, with �log4=3 p D �0; have separations dj D dist.�j ;�

c
jC1/; with

P
dj D

dist.�0;�
0c/ D d; which need to be picked carefully. The localizing functions

f'j g with 'j 2 C1
0 .�jC1/ � 1 on�j satisfy

ˇ̌
ˇ'.r/j

ˇ̌
ˇ � .C=dj /

rC1..3=4/jp/r ; r � 2.3=4/jp: (12.4)

We shall take dj D 1
.jC1/2 =d

P
1

.jC1/2 :
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Now at most .3=4/jp derivatives will fall on 'j ; and most of the effect of the
derivatives will be balanced by corresponding factorials in the denominator, as in
(12.3), roughly the powers of .3=4/jp in (12.4) in view of Stirling’s formula. In
addition, as noted immediately before the last paragraph in the previous section,
there will be factorials corresponding to the diminution of powers of T: What
will not be balanced are the powers of d�1

j ; but the product of these factors will
contribute

…
log4=3 p
jD1

�
j 2
�.3=4/j p D

�
…

log4=3 p
jD1 j .3=4/

j
�2p D Cp;

which, together with the factorials just mentioned, proves the analyticity of the
solution in �0:

Remark 12.1. Actually, the dj could also have been taken equal to Cd0=.
4
3
/j ;

which would have been more in line with the previous chapters.

12.5 Gevrey Regularity for Kohn–Oleinik Operators

In this section we merely make two notes. The first is that together with A. Bove
in [BT4], we have studied the Gevrey regularity of an operator that blends the
characteristics of the Kohn example and the Oleinik–Radkevich operator introduced
above. Here we consider the analogue of Kohn’s operator but with a point
singularity,

P D BB� CB�.t2` C x2k/B; B D @

@x
� ixq�1 @

@t
;

and show that this operator is hypoelliptic and Gevrey hypoelliptic in a certain range,
namely k < `q; with Gevrey index `q

`q�k D 1C k
`q�k :

Work in progress by Bove, Mughetti, and Tartakoff proves that when this range
k � `q is violated, the operator is not even hypoelliptic.





Chapter 13
Nonlinear Problems

13.1 Global Regularity

Our aim in this work is to prove a global analytic regularity result on a compact
manifoldM for some quasilinear equations.

A model of such results is the following: in C2 take a bounded domain � with
strictly pseudoconvex real analytic boundaryM:

Then one has two globally defined independent real, real analytic vector fields
X1 andX2; namely the real and imaginary parts of a (globally defined) holomorphic
vector field L D X1 � iX2 tangent to M:

Take a function u in C1.M/ and consider an analytic matrix function H.x; t/
defined on a neighborhood of f.x; u.x// W x 2 M g in M � C and set

Y D H.X/; i.e., Y.x/ D H.x; u.x//X.x/;

so that one obtains two C1 vector fields, Y1 and Y2, on M:
We assume thatH.x; t/ is invertible, so that one can expressX D H�1.Y / with

H�1 2 C!:

Consider the operator

Pu D Y 21 C Y 22 C a1Y1 C a2Y2 C b

with aj ; b analytic and assume that Puu 2 A.M/: Can one conclude that u is
analytic on M if the associated Levi form is nondegenerate? Note that Puu D f

is a quasilinear equation.
The question is global. There are known local results for more special equations

(cf. [TZ]).
In higher dimensions, one generally does not have globally defined vector fields

X1; : : : ; X2n related to a CR structure onM induced by the complex structure on C
n:

D.S. Tartakoff, Nonelliptic Partial Differential Equations: Analytic Hypoellipticity
and the Courage to Localize High Powers of T, Developments in Mathematics 22,
DOI 10.1007/978-1-4419-9813-2 13, © Springer Science+Business Media, LLC 2011
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160 13 Nonlinear Problems

But one can consider a (finite) family of open sets fV`g1�`�p covering M and
analytic vector fields fXk;`gkD1;:::;2n on V`. Then we may consider

Y.`/ D H.X.`//; where X.`/ D

0
B@
X1;`
:::

X2n;`

1
CA ;

and the associated operator

P`;u D
2nX
jD1

Y 2j;` C aj;`Yj;` C b`; with aj;`; b` analytic:

Now assume that for all `;

P`;uu 2 A.V`/:

Then the question is this: is u analytic on M under a nondegeneracy hypothesis
on the associated Levi form?

Theorem 13.1. Under the above hypotheses, if P u is real analytic globally on M
then so is any (moderately smooth) solution u:

A more interesting problem (as related to the complex Laplacian on forms) is to
consider a system. But here we consider only the scalar case. Note that from results
on C1 regularity in [Xu1], one need only assume that u is in C2;˛ in our theorem.

13.2 Some Notation and Definitions

Let M be a compact real analytic manifold of dimension 2n C 1 � 3; and let
.Vj /jD1;:::;p be a covering ofM such that in each Vj ; there are given 2n real analytic,
real vector fields X1;j ; : : : ; X2n;j such that:

• On Vj \ Vk every X`;j (resp. X`;k) is a linear combination of the .X`;k/`D1;:::;p
(resp. of the .X`;j /`D1;:::;p) with real analytic coefficients.

• There exists a globally defined, real analytic real vector field T such that
.X1;j : : : : ; X2n;j ; T / is a basis in Vj and if

ŒX`;j ; Xm;j � � a
j

`mT mod .X`;j /; (13.1)

then the matrix .aj
`m
/ is nondegenerate.

Remark 13.1. It is a result that goes back to Tanaka [Tan] and used to advantage
in the work of the present author in many places that under the nondegeneracy
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assumption (13.1), one always may modify the given vector field T by adding
multiples of the Xj;` in such a way that

ŒXj;`; T � � 0 mod .X1;`; : : : ; X1;`/: (13.2)

Definition 13.1. We call such a family .X`;j ; T / of systems of vector fields a
compatible family.

Now we may assume that each .Vj / is the domain of a coordinate chart. So in
each Vj and for every s � 0;we may consider an elliptic pseudodifferential operator
of order s, which we denote byƒs

j :

Let us fix a family .'j /jD1;:::;p such that

'j 2 D.Vj /; 0 � 'j � 1;
X

'j � 1 onM: (13.3)

Let .�j /jD1;:::;p be another family such that

�j 2 D.Vj /; 0 � �j � 1; �j � 1 on supp 'j : (13.4)

Now one has, say for t � s � 0;

k'j vkt . .k�jƒs
j 'j vkt�s C k'j vk0/; 8v 2 C1.M/; (13.5)

where k kt denotes the Sobolev norm.
So now one has

kvkt .
X
j

k'j vkt .
X
j

.k�jƒs
j 'j vkt�s C k'j vk0/; 8v 2 C1.M/: (13.6)

Now in each Vj ; we consider the operator considered in the introduction
(depending on the given u 2 C1.M/):

8<
:
Pj D P2n

`D1.Y 2`;j C a`;j Y`;j C bj /;

a`;j ; bj 2 A.Vj /;
(13.7)

and assume that
Pj u 2 A.Vj /; 8j: (13.8)

Finally let us denote by . ; /s the s-Sobolev scalar product (in each Vj ; when
one has functions with compact support in Vj ) and remember the following:

8ı > 0; 9Cı W 8w 2 C1
0 ; kwk2s � ıkwk2sC1=2 C Cıkwk20: (13.9)



162 13 Nonlinear Problems

13.3 Maximal Estimates

Our aim in this section is to prove the following:

Theorem 13.2. We have the following maximal estimates for s � 0:

kvk2sC1=2 C
X
j;`

kXj;`'`vk2s .
X
`

j.'`P`v; '`v/sj C kvk20 (E1s)

for v 2 C1.M/ and

kvk2sC1 C
X
j;`

kXj;`'`vk2sC1=2 .
X
`

k'`P`vk2s C kvk20 (E2s)

for v 2 C1.M/, and in fact,

kvk2sC1 C
X
j;`

kXj;`'`vk2sC1=2 C
X
j;k;`

kXj;`Xk;`'`vk2s .
X
`

k'`P`vk2s C kvk20
(E3s)

for v 2 C1.M/:

Proof. The proof is known when written for functions with compact support in
coordinate charts. This is a global version. Let us first verify the statements at level
s D 0: For simplicity we take ` fixed and setXj;` D Xj ; j D 1; : : : 2n, and ' D '`:

We have

X
j

kXj'vk20 D
X

.Xj'v; Xj 'v/ .
X

.Yj 'v; Yj'v/ (13.10)

because H is invertible. Note that . may indicate a constant that depends on u and
its first few derivatives. Now

.Yj 'v; Yj 'v/ D �.Y 2j 'v; 'v/C .�j 'v; 'v/; �j 2 C1.Vj /;

D �.ŒY 2j ; '�v; 'v/C .'Y 2j v; 'v/C O.k'vk0kYj'vk0/:

Now, using ŒY 2j ; '� D 2Yj ŒYj ; '�� ŒYj ; ŒYj ; '��; we easily obtain

j.ŒY 2j ; '�v; 'v/j . C1kvk20 C 1

C0

X
j

kXj'vk20: (13.11)
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Thus,

X
j

kXj'vk20 . j.'P v; 'v/j C C1kvk20 C 1

C0

X
j

kXj'vk20: (13.12)

Now use

k'vk1=2 .
X
j

kXj'vk20 C k'vk20 8v 2 C1.M/ (13.13)

(see J.J. Kohn [K1]) to obtain (E1s) in case s D 0:

Now we can deduce (E20) from (E10) in the following way: using (13.5) and
(13.6), we have

X
`

k'`vk21 C
X
j;`

kXj;`'`vk21=2 .
X
`

k�`ƒ1=2

`
'`vk21=2

C
X
j;`

k�`ƒ1=2

`
Xj;`'`vk20 C kvk20 C

X
j;`

kXj;`'`vk20

.
X
`

k�`ƒ1=2

`
'`vk21=2 C

X
j;`

kXj;`�`ƒ1=2

`
'`vk20 C

X
`

k'`vk21=2 C
X
`

kXj;`'`vk20:
(13.14)

The last two sums are easy to handle. The first two sums are (from the first part of
the theorem at level s D 0) less than

X
`

j.�`P`ƒ1=2

`
'`v; �`ƒ

1=2

`
'lv/j C

X
`

k'lvk21=2: (13.15)

Now, for simplicity we forget the index ` and consider

�Pƒ1=2'v D Œ�P;ƒ1=2'�v Cƒ1=2'P v: (13.16)

Just as we obtained (13.11), we have

j.Œ�P;ƒ1=2'�v; �ƒ1=2'v/j � C1kvk21=2 C 1

C0

X
kXj'vk21=2: (13.17)

By taking C0 large enough and using (13.9) we have the desired inequality, because
the term j.ƒ1=2'P v; �ƒ1=2'v/j is less thanC1k'P vk2C 1

C0

P k'vk21 (withC0 large,
C1 depending on C0 as usual).

This proves (E2s) with s D 0: To bound also the third term on the left in (E3s) for
s D 0; we argue as follows: first the function Xj;`v is inserted in place of v in (E1s)
with s D 0, and an error of the type C

P
` kvk21 is introduced through a bracket of

the form .ŒX;X�v; X2v/:While this is a new error, it is already controlled by (E2s)s,
which completes the proof for s D 0:
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Our aim is to prove (E1s) and deduce (E2s) from (E1s) as before.
First observe that (in view of (13.5))

kvk2sC1=2 .
X
`

k�`ƒs
`'`vk21=2 C kvk2s (13.18)

and

X
`

kXj;`'`vk2s .
X
`

kXj;`�`ƒs
`'`vk20 C kvk2s . (13.19)

.
X
`

kXj;`�`ƒs
`'`vk20 C

X
`

k�`ƒs
`'`vk21=2 C kvk2s : (13.20)

Now, we use (3:10) to obtain

kvk2sC1=2 C
X
`

kXj;`'`vk2s .
X
`

j.�`P`ƒs
`'`v; �`ƒ

s
`'`v/j: (13.21)

In view of (13.9), the term kvk2s may be replaced by kvk20:
Now we consider the first term in the second member of (13.21) and write

�`P`ƒ
s
`'`v D �`ŒP`;ƒ

s
`'`�v C �`ƒ

s
`'lP`v:

So one sees that one is reduced to studying .�`ŒP`;ƒs
`'`�v; �`ƒ

s
`'lv/, because

one has easily

j.�`ƒs
`'`P`v; �`ƒ

s
`'lv/j � C j.'`P`v; '`v/sj

C ı

(X
`

k'lvk2sC1=2C
X
`

kXj;`'lvk2s
)

C Cıkvk2s :
(13.22)

Now again forget the index ` and consider

ŒP;ƒs'� D
X

ŒY 2j ;ƒ
s'� D

X
2Yj ŒYj ;ƒ

s'�� ŒYj ; ŒYj ;ƒ
s'��: (13.23)

Then one has, as in (13.11),

j.�`ŒP`;ƒ2`'`�v; �`ƒs
`'`v/j � 1

C0

X
j

kXj;`�`ƒs
`'`vk20 C C1k�`ƒs

`'`vk20; (13.24)

where C1 depends on C0; as usual.
Then again using (13.9) and taking C0 big enough, the first member of (13.21) is

less than C.
P

` j.'`P`v; '`v/sj C kvk20/ for some C > 0:
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Now we want to prove (E2s) using (E1s) as we did for s D 0:

One has, as in that case,

X
`

k'`vk2sC1 C
X
j;`

kXj;`'`vk2sC1=2 (13.25)

.
X
`

k�`ƒ1=2

` '`vk2sC1=2 C
X
j;`

k�`ƒ1=2

` Xj;`'`vk2s C kvk2sC1=2 C
X
j;`

kXj;`'`vk2s

(13.26)

.
X
`

�`ƒ
1=2

`
'`vk2sC1=2 C

X
j;`

kXj;`�`ƒ1=2

`
'`vk2s C

X
`

k'`vk2s (13.27)

C
X
j;`

kXj;`'`vk2s : (13.28)

The worst terms are the first two, from (E1s). They are less than

X
`

j.�`P`ƒ1=2

` '`v; �`ƒ
1=2

` '`v/sj C kvk2s : (13.29)

The end of the proof of (E2s) now follows the lines of the end of the proof in the
case s D 0; and the proof of (E3s) is also as before. ut
Remark 13.2. This proof of the global version requires nothing more than careful
computations.

Corollary 13.1. Let T be a global, real analytic, nonzero vector field on M

complementary to the X and satisfying (13.1). Then

kT vk2s .
X
`

k'`P`vk2s C kvk20 8v 2 C1.M/: (13.30)

Remark 13.3. The existence of such a global T has been shown [T4], [T5] when
M is a compact real CR manifold.

13.4 High Powers of the Vector Field T

The overall strategy is to use the maximal estimates above with v replaced by T pu:
Once one has control over high T derivatives of the solution, the other derivatives
follow by standard techniques.

Now the vector field T being global, dealing with just a bounded number of
vector fields Xj that are only locally defined is not a very delicate issue. For
instance, the above corollary may be strengthened to
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kT vk2s C kvk2sC1 C
X
j;`

kXj;`'`vk2sC1=2 C
X
j;k;`

kXj;`Xk;`'`vk2s

.
X
`

k'`P`vk2s C kvk20 8v 2 C1.M/; (13.31)

or, in the form we will use it, for any integer r;

kT rC1vk2s C
X
j;`

kXj;`'`T rvk2sC1=2 C
X
j;k;`

kXj;`Xk;`'`T rvk2s

.
X
`

k'`P`T rvk2s C kT rvk20 8v 2 C1.M/: (13.32)

Proposition 13.1. There exist constants C;Cu; Ch such that for all r;

1

rŠ
fkT rC1vk2s C kX2T rvk2sg � 4rC rC r

uC
r
h : (13.33)

In view of (13.32), our (only) task is to commute T r past P` with errors that can
be recursively estimated to grow “analytically,” since then after specializing v to u;
we know that Puu 2 A.M/:

Now we have the crucial relationship (in Vj )

ŒT;Xj;`� D
X
k

cjkXk;`

with cjk real analytic functions. Since P` is a quadratic polynomial in theXj;`; with
coefficients h.x; u/ that are real analytic functions of the spatial variables x and the
solution u.x/; we may write

ŒT; P`� D
X

ŒT; h.x; u/Xk;`Xj;`� D .Th/X2 C hŒT;X2�

D .Th/X2 C h. QaX2 C QQaX C QQQa/

with analytic functions Qa; QQa, and QQQa: Generically, then, we may write

ŒT; P`� D
X

..T /h/X2; (13.34)

where h..T /h/ denotes (at most) a first derivative (in .x; t/) of h.x; u.x// times one
of a finite collection of analytic functions of x; namely the coefficients of the X in
the bracket ŒT;X� mentioned above in (13.1) (and possibly one derivative of this
coefficient). There may also be fewer than two X ’s on the right in (13.34). For the
rest of the paper we will assume for simplicity that h D h.u/:
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Next, we will need an expression for the more complicated bracket

ŒT r ; P`� D
r�1X
r 0D0

T r
0

ŒT; P`�T
r�r 0�1 D

r�1X
r0D0

T r
0 ı h0X2 T r�r 0�1;

only we move the h0 to the very left yet leave X2 for the moment wherever they are,
which we denote by enclosing the X2 in parentheses and placing them on the left.
That is,

ŒT r ; P`� D
rX

r 0D1

 
r

r 0

!
.T r

0

h/.u.x//.X2/T r�r 0

; (13.35)

or

ŒT r ; P`�

rŠ
D

rX
r 0D1

.T r
0

h/.u.x//

r 0Š
.X2/T r�r 0

.r � r 0/Š
:

Now for the term .T r
0

h/.u.x//; we will use the Faà di Bruno formula or rather
crude bounds for the results, writing

Dk
xg.u.x// D .u0Du CDx/

k�1u0Dug.u.x//:

Writing this crudely as

Dk
xg.u.x// D ..u0� CDx/

k�1u0
j�DDg/g;

� becomes a “counter” for the number of derivatives received by g: Then this is at
worst X

k0

 
k

k0

!
g.k�k0/.Dk0

x u0k�k0

/: (13.36)

Finally, we must analyze expressions such as Dau0b :

Dau0b D
X

a1C:::CabDa

 
a

a1; : : : ; ab

!
u0.a1/ � � � u0.ab/;

where
�

a

a1;:::;ab

�
denotes the multinomial expression

 
a

a1; : : : ; ab

!
D aŠ

a1Š � � �abŠ.a �P
aj /Š

D aŠ

a1Š � � �abŠ ;

since
P
aj D a: We have

Dau0b

aŠ
D

X
a1C���CabDa

u0.a1/

a1Š
� � � u0.ab/

abŠ
:
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Thus we have
ŒT r ; P �

rŠ
D

rX
r 0D1

.T r
0

x;th.u.x; t///

r 0Š
.X2/T r�r 0

.r � r 0/Š
; (13.37)

and so (cf. (13.36))

.T r
0

/h.u.x//

r 0Š
�

rX
r 0�r 00�1

h.r
0�r 00/

.r 0 � r 00/Š
.T r

00

.u0r 0�r 00

//

r 00Š

D
rX

r 0�r 00�1

h.r
0�r 00/

.r 0 � r 00/Š
X

Pr0�r00

1 r 00

j Dr 00

T r
00

1 u0

r 00
1 Š

� � � T
r00

r0�r00 u0

r 00
r 0�r 00 Š

;

or in all,

ŒT r ; P �v

rŠ
D

X
r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

h.r
0�r 00/

.r 0 � r 00/Š
T r

00

1 u0

r 00
1 Š

� � � T
r 00

r0�r00 u0

r 00
r 0�r 00 Š

.X2/T r�r0

v

.r � r 0/Š
: (13.38)

To simplify the argument we have dropped the localizing functions, since for global
arguments, in which case these functions always appear on the left of the norms,
they may be brought out easily and replaced by another partition of unity, with new
X’s if needed.

We also have ignored the order of the X ’s and T ’s, indicating this by putting the
X2 in parentheses, not to indicate that they may not be present (though they may
not) but that they may appear with several T ’s to the left and more to the right. We
have also dropped all subscripts. Schematically, we may then write (13.32) together
with (13.38) as

kT rC1vks C kX2T rvks . kPT rvks C kT rvks
. kT rP vks C kT rvk20 C kŒT r ; P �vks 8v 2 C1.M/;

(13.39)

and so

1

rŠ
fkT rC1vks C kX2T rvksg . 1

rŠ
fkT rP vks C kT rvksg

C
X

r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

�����
h.r

0�r 00/

.r 0 � r 00/Š
T r

00

1 u0

r 00
1 Š

� � � T
r 00

r0�r00 u0

r 00
r 0�r 00 Š

.X2/T r�r0

v

.r � r 0/Š

�����
s

: (13.40)
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Now for our value of s;H s is an algebra, and so the norm of the product of
derivatives of copies of u may be replaced by the product of the norms, each of
which will have the form of one of the terms on the left-hand side of (13.40).

Specializing to v D u and bounding the norm of the product by the product of
the norms, we observe that except for the term involving derivatives of h; all other
terms are of the same form, since one T derivative and two X derivatives carry the
same weight on the left-hand side of (13.40):

1

rŠ
fkT rC1vks C kX2T rvksg . 1

rŠ
fkT rP vks C kT rvksg

C
X

r�r 0�r 00�1
C r 0�r 00C2

�����
h.r

0�r 00/

.r 0 � r 00/Š

�����
s

�����
.X2/T r�r 0

v

.r � r 0/Š

�����
s

Y
Pr0�r00

jD1 r 00

j Dr 00

�����
T r

00

j u0

r 00
j Š

�����
s

:

(13.41)

The constant includes a power of C for each norm that follows. Note that since
the derivatives on h are of that order, this constant will be included with the
analyticity constant for h; and in the future, constants with exponents comparable
to the number of derivatives on a function known to be analytic will be permitted
without comment.

Note that the term in the product with .X2/ is analogous to the extra T derivative
on each of the other terms. Hence these terms are similar to the left-hand side, and
could be handled at once inductively except for counting the number of them, but it
is simpler to iterate (13.41) directly, at least until all terms have order less than r=2:

Since there can be at most one term of order larger than r=2; after the next “pass”
we observe that the product will look just like the right-hand side of (13.40) again,
except that there will be one more norm of derivatives of h:

That is, applying (13.41), with r replaced by r � r 0; to the term in (13.41) with
.X2/; we have

1

.r � r 0/Š fkT
r�r 0C1vks C kX2T r�r 0

vksg . 1

r � r 0Š fkT
r�r 0

P vks C kT r�r0

vk0g

C
X

r�r 0��0��00�1
C �

0��00C2
�����
h.�

0��00/

.�0 � �00/Š

�����
s

�����
.X2/T r�r0��0

v

.r � r 0 � �0/Š

�����
s

Y
P�0

��00

jD1 �00

j D�00

�����
T
�00

j u0
�00
j Š

�����
s

:

(13.42)

We obtain r � r 0C�0 �r 00 ��00 and
Pr 0�r 00

jD1
P�0��00

kD1 .r
00

j C�00

k
/ D r 00 C�00, so if we set

s0 D r 0 C �0 and s00 D r 00 C �00; we have a sum over s0 � s00 and
Ps0�s00

jCkD2 s00
jCk D s00

subject to the obvious subdivisions.
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That is, over r 0 C �0 D s0; r 00 C �00 D s00;

1

rŠ
fkT rC1vks C kX2T rvksg

.
X
r 0�0

1

.r � r 0/Š
fkT r�r 0

P vks C kT r�r 0

vksg

C
X

s0Dr0C�0 ;s00Dr00C�00

r�r0�r00�1
r�r0��0

��00
�1Ps0�s00

jD1 s00j Ds00

.
Ps0�s00
jD1 .s00j C1/Ds0/

�����
Cr 0�r 00C2h.r 0�r 00/

.r 0 � r 00/Š

�����
s

�����
C�0��00C2h.�0��00/

.�0 � �00/Š

�����
s

�
�����
T s

00

1 u0

s00
1 Š

�����
s

� � �
�����
T s

00

s0�s00 u0

s00
s0�s00 Š

�����
s

�����
.X2/T r�s0v
.r � s0/Š

�����
s

: (13.43)

Note that in using the fact that Hs is an algebra, i.e., kfgks � Bkf kskgks ; we
have absorbed the algebra constant with the constant C inside the norms of h: We
further estimate the norms of derivatives of h (noting that each occurrence contains
at least one such derivative) by

kC`C2h.`/.x; y; u/ks � C`
h `Š: (13.44)

We are nearly ready to iterate this procedure until even the last term has order
less than r=2I for except for the sum (the number of terms), each term has a bound
that is stable in the number of iterations; namely, the last right-hand side above is
bounded by X

C t
h

Y�����T
pu0

kŠ

����
s

or

����X
2T pu

kŠ

����
s

�
; (13.45)

where the sum of the k’s plus 1 is at most r and t � r is the number of terms in the
product.

As for the sum, whether after a single full pass or multiple ones, the number of
terms corresponds to at most the number of ways to partition r derivatives among at
most r functions, generally many fewer.

Denoting by D a derivative (r of them) and by u a copy of u (t of them), we are
faced with the number of ways to “identify” or select t items (the u’s) from among
r C t items (the D’s and u’s) with the understanding that in an expression such as

DDDDD„ ƒ‚ …
r1

uDDDDD„ ƒ‚ …
r2

uDDDDD„ ƒ‚ …
r3

u � � �DDDDD„ ƒ‚ …
rt

u

„ ƒ‚ …
r D’s and t .�r/ u’s

; (13.46)
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the D’s differentiate only the first u that follows. The answer is that there are
certainly not more than

�
rCt
t

� � 2rCt � 22r D 4r ways.
Finally, since we may iterate this procedure until the maximal order of differen-

tiation on u is 1 or 2; and bound this small number of derivatives by a constant (with
at most r such terms, naturally; that is all the derivatives there were), it follows that
the left-hand side of (13.40) is bounded by

1

rŠ
fkT rC1vk2s C kX2T rvk2sg � 4rC rC r

uC
r
h ; (13.47)

which clearly yields analytic growth (of T derivatives) of the solution u, since Cu

depends only on the first few derivatives of u and s is taken just large enough to
ensure that Hs is an algebra. ut

13.5 Mixed Derivatives: The Case of Global X

To finish the proof in the case that the vector field(s) X are globally defined, it
remains to show that we may estimate mixed derivatives as effectively as we did the
high T derivatives.

A result of Helffer and Mattera [HM] shows that it would suffice to handle pure
powers of the vector field X; but mixed derivatives will invariably enter through
brackets of pairs of X ’s. Thus this we start by using the a priori estimate (E1s)–
(E3s) with v replaced by 'Xr (and later by a mixture of derivatives in X and in T ).

What ultimately happens is that brackets of pairs of X ’s will produce T ’s, but
at most half as many, and we will be led back to (nearly pure) powers of T: The
nonlinearity of the problem introduces nothing new in this overall pattern.

When the X ’s are globally defined, for example in C
2, the powers of X are

treated like powers of T (e.g., with respect to the use of the Fàa di Bruno formula,
especially), with the one change that an additional type of term will appear: starting
with XrC2v there will appear as an error r copies of XrT v when two X ’s bracket
to give a T: And this effect, the only new feature, will be repeated until all or nearly
all the X ’s are exhausted. That is, we have the new scheme

Xr ! Cr=2rŠŠ.X2/T r=2;

where we recall the definition rŠŠ D r.r � 2/.r � 4/ � � � � C r=2.r=2/Š But this is not
a problem, since we have just treated essentially pure powers of T above in (13.47).

Rather than write this case out in more detail, we proceed to the next section,
where the problem is global but the vector fields X are only locally defined. This
case incorporates many of the features of a fully local proof, though fortunately not
all! Note that the T vector field is still required to be globally given.
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13.6 Locally Defined Xj

When the vector fields X are only locally defined, we cannot afford to change
freely from one coordinate patch to another and to another basis of X ’s each time
a localizing function arising from a partition of unity is differentiated, since the
constants counting the number of terms and the coefficients would grow far too fast,
namely roughlyCr at each step. We will need a suitable localization of high powers
of the fields X:

We will thus work in a single coordinate patch, drop all subscripts ` (and j
and k; for simplicity), and in place of v in the a priori estimates substitute ‰Xru;
where the localizing function ‰ will be specified further below. It will not need to
be differentiated very often, but the band in which it goes from being identically
equal to one to being identically zero will be of a precise width, as will subsequent
localizing functions that will be introduced below. The general result on families of
localizing functions is given by a result of Ehrenpreis [Eh]:

Proposition 13.2. For any two open sets �0 b �1; with separation d D dist
.�0;�

c
1/ and any natural number N; there exist a universal constant C depending

only on the dimension and a function ‰ D ‰�0;�1;N 2 C1
0 .�1/;‰ � 1;

on �0 with

jDˇ‰j �
�
C

d

�jˇjC1
N jˇj; jˇj � 2N; (13.48)

though in this paper we will take N D 4 at most; thus the analyticity to be shown
in U0 will be reduced to combining the bounds on kT rC1uks obtained in a previous
section with the bounds

X
kX2‰Xruks C kT‰Xruks � C rC1

� rŠ

with ‰ � 1 on the set where we want to prove analyticity.
To do this, we start with the a priori estimates as before: for v of compact support

where the Xj are defined, and any fixed s; we have (E3s) in the form

kX2vk2s C kXvk2s�1=2 C kvk2s�1 . kP vk2s C kvk20: (13.49)

Note that we have dropped all subscripts but are working with several X ’s.
Naturally we could add a term kT vks to the left-hand side using the nonvanishing
of the Levi form, but it will not help us here as it did above in handling high powers
of T applied to the solution u:

This estimate will be applied to v D ‰Xru, and then on the right we will write
P‰Xru in terms of ‰XrP u modulo an error, namely the commutator of aX2 with
‰Xr; suitably expanded.

Now the crucial brackets, analogous to (13.35), will be written

ŒP;‰Xr �v D au ŒX
2;‰�Xrv C au ‰ŒX

2;Xr �v C‰Œau ; X
r �X2v; (13.50)



13.6 Locally Defined Xj 173

where coefficients depending on the solution u (those arising in P and here denoted
by au) are subscripted with u, while those that depend only on the spatial variables
are not subscripted. Now

ŒX2;‰� D 2‰0X C‰00

(and notice that at most two derivatives appear on ‰ and that these will fall to the
left of all other terms in the bracket and will be changed with each iteration) and

ŒX;X� D aT; (13.51)

and so
ŒX2;Xr � D Cr terms ŒX;X�Xr C � � �

independent of u. Here underlining a coefficient indicates the number of terms of
the given type that occur, and the � � � denotes terms arising from bringing at least
the coefficient in aT to the left of Xr; incurring additional derivatives of course
on the coefficient a: However, all of this is linear.

The nonlinear phenomena occur in the last term, where au D a.x; u/ is
differentiated. But this proceeds as before (cf. (13.38)): letting, for instance,
b.s/.x; u/ denote derivatives of the function b in its arguments, all derivatives of
the solution u being split off to the right, we obtain

Œau; X
r �w

rŠ
D

X
r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

a
.r 0�r 00/
u

.r 0 � r 00/Š
Xr 00

1 u0

r 00
1 Š

� � � X
r 00

r0�r00 u0

r 00
r 0�r 00 Š

Xr�r 0

w

.r � r 0/Š
: (13.52)

So, altogether, (13.50) becomes

ŒP;‰Xr �v � 2 au ‰
0XXrv C au ‰

00Xrv C r au‰ a TX
rv C � � �

C‰ rŠ
X

r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

a
.r 0�r 00/
u

.r 0 � r 00/Š
Xr00

1 u0

r 00
1 Š

� � � X
r 00

r0�r00 u0

r 00
r 0�r 00 Š

Xr�r0

X2v

.r � r 0/Š
:

(13.53)

Now once we specialize v to u; we will take the Hs norm of everything and use
the property that this space is an algebra for our choice of s: The function ‰ in the
product on the right has served its purpose, and we will eventually introduce a new
localizing function for each term in the product (except the coefficient, which will
just be estimated), though at most one of these terms can have “order” even half of
r , and the rest will be handled inductively.
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13.7 High Powers of X I New Localizing Functions

More precisely, we restate (13.50) after specialization and introduction of the
Hs norm:

kŒP;‰Xr �uks
rŠ

� Cu

� k‰0XrC1uks
rŠ

C k‰00Xruks
rŠ

C r
k‰TXruks

rŠ
C � � �

�

C
X

r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

�����‰
a
.r 0�r 00/
u

.r 0 � r 00/Š
Xr00

1 u0

r 00
1 Š

� � � X
r 00

r0�r00 u0

r 00
r 0�r 00 Š

Xr�r0

X2u

.r � r 0/Š

�����
Hs

:

We treat the functionsX2u and u0 similarly—they are equivalently handled by the a
priori estimate—and for convenience only we suppose that the term with X2u is of
highest order, i.e., r � r 0 � r 00

j 8j: Noting that supp‰ b U1=r and bounding the

norm of the coefficients by Cr 0�r 00

yields

kŒP; ‰Xr �uks
rŠ

� Cu

(
k‰0XrC1uks

rŠ
C k‰00Xruks

rŠ
C r

k‰TXr uks
rŠ

C � � �
)

C
X

r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

C r
0�r 00C2

�����
Yr 0�r 00

jD1
X
r 00

j u0
r 00
j Š

�����
Hs.U1=r/

�����
‰Xr�r0

X2u

.r � r 0/Š

�����
Hs

:

(13.54)

Again, we note that the number of terms in the product is r 0 � r 00, and hence the
constant arising from the algebraicity of Hs will be absorbed with the analyticity
constant for the coefficients au: Thus we restate (13.54) with this observation,
writing‰X2 in place ofX2‰ on the left, modulo terms on the right, and associating
powers of r with derivatives of ‰ or with powers of T; and taking P u D 0:

k‰X2Xruks
rŠ

� Cu

8<
:

2X
jD1

1
rj

k‰.j /XrC2�juks
.r � j /Š

C
1
r
k‰TXruks
.r � 2/Š

C � � �
9=
;

C
X

r�r0�r00�1Pr0�r00
jD1 r00j Dr00

.
Pr0�r00
jD1 .r00j C1/Dr0/

Ch

�����
Yr 0�r 00

jD1
Xr 00

j u0

r 00
j Š

�����
Hs.K/

�����
‰X2Xr�r0

u

.r � r 0/Š

�����
Hs

:

(13.55)
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As we iterate the terms on the right without T; the order will drop, and we will
control the coefficients and the sum below. The term with T is slightly different, but
we may always write

1
r
k‰TXruks
.r � 2/Š D

1
r
k‰X2Xr�2T uks

.r � 2/Š

and reapply (13.55) with T u in place of u but with r decreased by two. Thus we
gradually increase the number of T vector fields, with T � being balanced by 1

�ŠŠ

before the norm, where

�ŠŠ D �.� � 2/.� � 4/ � � � ;

preserving the balance between remaining powers ofX and the large factorial in the
denominator, and using up twoX ’s for each T until there are essentially only powers
of T; a situation we have treated above. (Of course there will be a “zigzag” effect:
sometimes pairs of X ’s will generate a T and other times the X ’s will differentiate
the coefficients and produce the terms at the end of (13.55) above, so both effects
will be combined.)

And as with the estimates of pure T derivatives above, iterating the “principal”
term (here the last one, the one with X2Xr�r 0

u) will lead to a sum with the
same bounds for the number of its terms (cf. (13.46)), and with one new norm of
derivatives of a coefficient au: Even when ‰ has not been differentiated, it will be
prudent to change to a new localizing function, one better geared to the number
of derivatives appearing under the norm. For there are fewer derivatives now, and
it would create significant difficulties to have ‰0 contribute a factor of r when the
denominator contains only .r � r 0/Š for rather general r 0:

13.8 The Localizing Functions

The first localizing function,‰ D ‰r; satisfies

‰r � 1 on U0; ‰r 2 C1
0 .U1=r /; j‰.k/

r j � ckrk; k � p.s/ (13.56)

(cf. (13.60)), where we have set, for a � 0,

Ua D f.x; t/ 2 U1 W dist..x; t/;U0/ < a.dist.U0;Uc1 //g: (13.57)

When the first localizing function needs to be replaced but, say, Qr derivatives
of u remain to be estimated, we shall localize it with a function identically equal
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to one on U1=r ; the support of ‰r , but dropping to zero in a band of width
1
Qr � .1� 1

r
/.dist.U0;Uc1 //D 1

Qr times the remaining distance to the complement of
U1; i.e., supported in

U 1
r C. 1

Qr
/.1� 1

r /
D U 1

r C r�1
rQr

D U1�.1� 1
r /.1� 1

Qr
/: (13.58)

We shall denote such a function by 1
r
‰Qr . That is, �‰� satisfies

�‰� � 1 on U�; �‰� 2 C1
0 .U�C 1

� .1��/ b U1/: (13.59)

Derivatives of �‰� satisfy, with universal constant C ,

jDk
�
�‰�

� j � Ck

�
�

1 � �

�k
; k � p.s/; (13.60)

uniformly in �; �; where p.s/ will be a small number depending on the s necessary
to make Hs an algebra in the given dimension. Of course any other (fixed) bound
for k would do.

13.9 Taking a Localizing Function out of the Norm

While it is true that we could just write k‰wks � ck‰kskwks ; for s > 1; to do so
would incur at least two derivatives on‰ with no gain on w: To avoid this difficulty,
we use the following finer estimates of the Hs norm of product of functions.

Proposition 13.3. If ‰; Q‰ are two smooth, compactly supported functions with
Q‰ � 1 on supp ‰ then for every s � p 2 Z

C;

k‰Dpuks � C2
s;supp‰ sup

q�s
kDq‰kL1 k Q‰Dp�quks (13.61)

and

k‰Dpuks � C2
s;supp‰ sup

q�s
kDq‰kL1 kDp�qukHs.supp ‰/: (13.62)

Thus removing a localizing function from anHs norm, while incurring up to two
derivatives on it, does not increase the total number of derivatives being measured,
and thus should have minimal impact on the estimates.

Next, we need to confront the effect of these few derivatives on a localizing
function ‰; which may have been chosen with a high number of derivatives (r of
them) on u in mind, and which hence adds a factor of r each time a derivative lands
on it, when the factorial in the denominator of the corresponding term may be far
smaller, e.g., .r � r 0/Š for relatively large r 0:
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There are in fact several ways to handle this; one is to emphasize that at the level
of (13.37) one could endeavor to keep two derivatives to the left of the big bracket
whenever possible, so that using Proposition 13.3, those derivatives would serve to
bring the Sobolev norms on the right up toHs again, or one can proceed as follows,
the method used in the author’s earlier work [TZ]: since the number of terms in the
product in (13.54) is r 0 � r 00; with

r D .r � r 0/C
r 0�r 00X
jD1

.r 00
j C 1/; with r � r 0 � max fr 00

j C 1g; (13.63)

it follows that

.r � r 0/.r 0 � r 00 C 1/ � r (13.64)

or 	 r

r � r 0

k � .r 0 � r 00 C 1/k; 8k; (13.65)

a relationship we will use only for small values of k, but note that this factor, .r 0 �
r 00C1/k; can be absorbed in the bound of derivatives of the coefficients au in (13.54).

The first time we remove a localizing function from an Hs norm, in (13.55) for
instance, the couple of derivatives that will fall on ‰ will produce powers of r in
view of (13.60), since initially � D 0: These will be balanced against .r�1/Š, thanks
to (13.65), with small powers of .r 0 � r 00 C 1/; increasing Ch slightly in (13.55). We
will see at the very end that the slightly different denominators in (13.60) will make
little difference in the bounds.

Furthermore, upon the next iteration of (13.55), the new right-hand side will
have the same form. That is, there will again be a product of lower-order terms
(the same ones plus new ones), a second factor of au with derivatives that will give
possibly another constant, C; in front of the supremum and another copy of Ch to its
appropriate power, though these constants pass into the norms of the corresponding
terms, just as in the treatment of powers of T above. But notice that the number of
terms in the product increases at each pass (to at most r) and that the order of the
top-order term decreases. Thus this sequence of constants will not contribute in the
end more than C r; which is also to be expected.

Handling the sum is as before as well, and we will not comment on it further
except to recall (13.46).

When the last term on the right no longer has maximal order, we turn our
attention to any of the other terms of highest order and proceed as before. The
factorials have been adjusted so that the behavior that will in the end guarantee
analyticity is that

jj‰X2XrujjHs

.r � 1/Š
� C rC1 C C r=2 jjX2T r=2ujjHs.U1/

.r=2/Š
;
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which will be the evident outcome of the repeated iterations of (13.55), taking the
precise localizing functions into account, and which, together with the previous
results on (nearly) pure T derivatives, will complete the proof.

We should remark at the end that what was true for the first localizing function,
namely (13.65), will be a little different on the next pass, since the next localizing
function may bring not a factor of r � r 0 with each derivative it receives but rather
the factor (cf. (13.60))

r � r 0

1� 1
r

D .r � r 0/
	 r

r � 1



;

so that passing from r � r 0 to r � r 0 � t 0, we encounter instead of just

r

r � r 0 � r 0 � r 00 C 1;

an extra factor of r=r�1; possibly to the p.s/th power; and this may keep occurring
as the order of the leading term keeps decreasing. For instance, after a few iterations,
the analogous ‘extra’ factors from (13.60) will be

	 r

r � 1


� r � r1

r � r1 � 1
��

r � r1 � r2

r � r1 � r2 � 1
�

� � �

or even the p.s/th power of such a product. But there cannot be more than r terms
in the product, and each factor is far less than 2; leading to an easily acceptable
constant C r in the end.

The same procedure works at any stage. We have already seen that expanding
the term of highest order leads to a new product, but of the same form with one
new norm of derivatives of a coefficient au; and the total number of terms, as with
the T derivatives, never exceeds 4r ; which is certainly acceptable; and the factor

.r 0 � r 00 C 1/k just above is immediately attached to the a.r
0�r 00/

u that occurs with
that product (cf.(13.53)).

This means that we may remove localizing functions from the Hs norms easily
and replace them with new localizing functions, identically one on the support of the
old one and supported in a larger open set such that a derivative of the new function
is proportional to the number of derivatives still to be estimated in that term in the
sense of (13.60). And while there will appear a number of copies of the (analytic)
coefficients a; the sum of the number of derivatives they receive, and the powers of
the corresponding constants arising from the algebraicity ofHs; is equal to the total
decrease in derivatives on the terms of highest order taken step by step, which is
also reflected in the number of norms in the product.

Thus the total number of derivatives appearing on coefficients will be, in the end,
equal to the total number of terms in the product of norms, and since each contains
a copy of u with one or two derivatives, this number is comparable to r: Thus this
product will be bounded by C r

u;h for suitable Cu;h depending only on the first couple
of derivatives of u and on the coefficients au (and the dimension and the initial
open sets).
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We are not quite home. For high X derivatives, in addition to being “used up”
as above, will also flow to half as many T derivatives, though in U1; due to the
bracketing ŒX;X� D T (cf. (13.51)), and the number of terms and the sums proceed
exactly as in the estimation of T derivatives above, in ways that have nothing to do
with the local versus global behavior. There appear new norms of derivatives of the
coefficient functions, exactly as before, and one slightly new feature, which is the
mixture between X and T derivatives, which is inevitable but has been seen before
in many of the author’s earlier works.

13.10 Local Regularity

We consider sums of squares of nonlinear vector fields, that is, equations such as

P.x; u;D/u D
qX
1

X2
j u D f;

with the new feature that the fXj g may depend in their “coefficients” on the
solution u: As a prime example of this class we consider the following case (for
r > 0):

Pu.D/v WD
	
.Dx/

2 C .xrDt /
2 C .xr Qh.x; t; u/Dt /

2



v; .t; x/ 2 R
2; (13.66)

with Qh real-valued and real analytic in its arguments.
We shall assume our solution u to be C1; since smoothness (starting from C3)

follows from the arguments of Xu [Xu1], which are based on the subelliptic estimate
clearly satisfied by Pu and the paradifferential calculus of Bony [Bo].

13.11 Results

Theorem 13.3. If f is real analytic near .x0; t0/; then so is any smooth solution to
(13.66).

We remark that the problem is significant in its own right and also because it bears
the same resemblance to general quasilinear subelliptic partial differential equations
that the sums of squares of linear vector fields did to the subelliptic complexes and
“boundary Laplacians” arising from the @b operator in several complex variables.

In particular, the local real analytic hypoellipticity of those (in the linear case)
with symplectic characteristic variety (roughly corresponding to r D 1 here), proved
independently by Treves and Tartakoff in 1978 [T4], [T5], [Tr4], propels one quite
reasonably to ask the same question in the quasilinear setting, of which the type
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of operator under study here is a simple prototype. (NB: the vector fields arising
from @.b/ correspond more directly to @x � y@t , and @y C x@t than to @x; @y; x@t ,
and y@t as separate vector fields; nonetheless, the “Grushin-type” operators have
always provided the most tractable models.)

13.12 Proof

Using standard arguments it is easy to prove the following a priori estimates: 8s �
0; u 2 C1, and compact U1; 9C D Cs;u;U1 W 8 v 2 C1

0 .U1/;
3X
1

kXivk2s C kvk2
sC 1

rC1

� C
˚j.Puv; v/sj C kvk2s

�

and

3X
i;jD1

kXiXj vk2s C
3X
1

kXivk2
sC 1

rC1

C kvk2
sC 2

rC1

� C
˚kPuvk2s C kvk2s

�
; (13.67)

where k � ks D k � kHs ; Pu � P.x; u;D/; X1 D Dx; X2 D xrDt ; X3 D X
.u/
3 D

xr Qh.t; x; u/Dt ; and C depends only on the first s C 3 derivatives of u:
However, the estimate we will need uses the maximality of (13.67) rather than

its subellipticity: with XI D XI1XI2 � � �XIjI j and jjjvjjjs defined by

jjjvjjjs �
X
jI j�2

kXI vks .and jjjvjjjHs.U/ �
X
jI j�2

kXI vkHs.U/; for U open/;

(13.68)
then forK arbitrary, 9CK W 8v 2 C1

0 .U1/;

jjjvjjj2 CK
X
jI j�1

kXI vk2 � CkPuvk2 C CKkvk0: (13.69)

The general scheme, as always, will be to use the a priori estimate applied to
functions v D 'Dmu and then to bring 'Dm to the left of Pu modulo errors that are
handled inductively. Noting that the a priori estimate provides for maximal control
(i.e. no loss Here derivatives) in the Dx direction, we limit ourselves to estimating
'Dm

t u. ' will be a smooth localizing function, namely identically equal to one in
a fixed open set U0; where we wish to prove that the solution u is analytic, and
supported in U1; the open set where the data are assumed to be real analytic. The
localizing function '.x; t/ may be taken to be of the form Q'.t/ Q'.x/; and terms with
derivatives on Q'.x/ may be disregarded since the operator is elliptic for x ¤ 0

where derivatives of Q'.x/ would be supported.
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We work in the algebraH2 in order to handle large products of norms below.
Taking P u D 0 without loss of generality, we have from (13.69),

jjj'Dm
t ujjj2

D kX2
j 'D

m
t uk2 C � � � � kP'Dm

t uk2 C � � � �
X

kŒX2
j ; 'D

m
t �uk2 C � � �

.
2X

kD1
kgk.u;Dtu/'

.k/x2rDmC2�k
t uk2 C Ck'x2r Œh.u/;Dm

t u�D2
t uk2 C � � �

. C

� 2X
kD1

k'.k/X2Dm�k
t uk2 C k'x2r Œh.u/;Dm

t u�D2
t uk2 C � � �

�
; (13.70)

where h.�/ � Qh2.�/ and we have estimated kgk.u;Dtu/kH2.U1/ by a constant. Here
the gk.u;Dtu/ stand for the coefficients, aside from x2r ; that enter when ' is
differentiated once or twice, and the dots “� � � ” denote terms arising from lower-
order terms in the operator P; terms containing fewer X ’s.

For now we disregard the sum on the right and pay attention to the bracket in
the last norm, the crucial one. To expand it, we need to use a different, and to us
new, version of the classical formula of Faà di Bruno for derivatives of composite
functions:

D`
t h.u.t// D

X
b;rj �1Pb
1 rj D`

.` � 1/ŠHb;`;frj g.u/
bY

jD1

u.rj /

.rj � 1/Š
; (13.71)

where

Hb;`;frj g.u/ D h.b/.u/

.` � r1/.` � r1 � r2/ � � � .` � r1 � � � � � rb�1/
; (13.72)

so that when bD 1;Hb;`;frj g.u/Dh0.u/: See the previous section for the (elemen-
tary) derivation.

We don’t use formula (13.71) in this nice form, but in the following (not so nice)
one: for any % > 0;

D`
t h.u/ D

X
b;rj �1Pb
1 rj D`

Hb;`;frj g.u/
`

�
`

r1 � � � rb
� bY
j;kD1

�
%rj Š

.rj C 1/2


�
u.rk/.rk C 1/2

%.rk � 1/Š



:

(13.73)

The reason for introducing the squares in the denominators is that it is possible to
choose % so that

X
0�d�`

 
`

d

!
%dŠ

.d C 1/2
%.` � d/Š
.` � d C 1/2

� %`Š

.`C 1/Š
; (13.74)
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hence such that

X
Pb
1 rj .�1/D`

 
`

r1 � � � rb

!Y %rj Š

.rj C 1/2
� %`Š

.`C 1/Š
: (13.75)

The estimate (13.73) will be especially useful when we use derivatives of composite
functions in conjunction with Leibniz’s formula.

We fix % such that (13.74), and hence (13.75), is valid. But before continuing to
estimate (13.70), we remark that since h is analytic, it satisfies

jh.k/.y/j � C1C
k
2 kŠ; y 2 u.U1/; 8k: (13.76)

However, we claim that in our setting, C2 may be taken arbitrarily small. To see this,
we take

hı.y/ D h.ıy/; uı D ı�1u: (13.77)

Then P.u/ D ıPı.uı/ with Pı exactly like P but with hı instead of h: Obviously,
the analyticity of u is equivalent to that of uı: Thus, with ı as small as needed (to be
chosen at the end of the proof),

jh.k/.y/j � C 0
1ı
kkŠ; y 2 u.U1/; 8 k: (13.78)

Hence
kh.k/.u/wk2 � C 00

1 ı
kkŠkwk2; 8k; w 2 C1

0 .U1/; (13.79)

with C 00
1 depending on kukH2.U1/ but not on ı: Using this and (13.72), we have

`�1kHb;`;fkj g.u/wk2 � C 00
1 ı

bkwk2 8 w 2 C1
0 .U1/; (13.80)

because 8 b � 1; `.` � r1/ � � � .` � r1 � � � � � rb�1/ � bŠ

Coming back to the bracket, using (13.73), and omitting now terms designated
“� � � ” above, namely those arising from terms with fewer X ’s in the original
operator, we have

k'x2r Œh.u/;Dm
t u�D2

t uk2 �
mX
`D1

 
m

`

!
k'x2.D`

t h.u//D
m�`C2
t uk2

�
mX
`D1

 
m

`

! X
b;rj �1Pb
1 rj D`

 
`

r1 � � � rb

!
bY

j;kD1

%rj Š

.rj C 1/2

�
����`�1Hb;`;rj .u/'x

2r %
�1u.rk/.rk C 1/2

.rk � 1/Š Dm�`C2
t u

����
2

:

(13.81)
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From here on, C may change from line to line but will be independent of m and
u; and ı may also change into a fixed multiple of itself, but still may be chosen as
small as necessary at the end. Thus, using (13.80) we may continue the inequality:

�
mX
`D1

 
m

`

! X
Pb
1 rj .�1/D`

 
`

r1 � � � rb

!
bY
1

%rj Š

.rj C 1/2
%.m � `/Š

.m � `C 1/2

�C 00
1 ı

b

����'x2r
bY
1

%�1u.rk/.rk C 1/2

.rk � 1/Š
Dm�`C2
t u

%�1.m � `C 1/2

.m � `/Š

����
2

: (13.82)

Thanks to (13.75), the first line of the right-hand side is estimated by % mŠ
.mC1/2 :

Concerning the last norm, we assume, renaming the indices if necessary, that the
largest number of derivatives landing on a copy of u ism�`C2 and associate 'x2r

with those derivatives. We read 'x2rDm�`C2
t u as 'X2

2D
m�`
t u and apply the algebra

property of H2.supp '/: So the last line above is estimated by

C
000

ıb
.m � `C 1/2

.m � `/Š k'X2Dm�`
t uk2 �

bY
1

.rj C 1/2

.rj � 1/Š
kDrj

t ukH2.supp '/: (13.83)

We note that rj < m
2
; j D 1; ::: ; b.

Summing up, from (13.69) and (13.81) we have (with X2 denoting any product
of at most two X ’s)

.mC 1/2

mŠ
jjj'Dm

t ujjj2 . .mC 1/2

mŠ

2X
kD1

k'.k/X2Dm�k
t uk2

C sup
b;rj �1P
rj D`

0<`�m

.m � `C 1/2

.m� `/Š
k'X2Dm�`

t uk2 ıb

�
bY
1

.rj C 1/2

.rj � 1/Š
kDrj

t ukH2.supp '/; (13.84)

or equivalently,

.mC 1/2

.m� 1/Š
jjj'Dm

t ujjj2 . .mC 1/2

.m � 1/Š
2X

kD1
k'.k/X2Dm�k

t uk2

C sup
b;rj �1P
rj D`

0<`�m

.m � `C 1/2

.m � ` � 1/Š
k'X2Dm�`

t uk2 m ı
b

m� `

�
bY
1

.rj C 1/2

.rj � 1/Š kD
rj
t ukH2.supp '/ (13.85)
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13.13 Passing to Another Localizing Function

Canonically, the first localizing function, ' � 'm; satisfies

'm � 1 on U0; 'm 2 C1
0 .U1=m/; j'.k/m j � ckmk; k � 4; (13.86)

where we have set, for a � 0,

Ua D f.x; t/ 2 U1 W dist..x; t/;U0/ < a.dist.U0;Uc1 //g: (13.87)

When a particular term in the estimate for 'mDm
t u still has Dm�`

t u; with m � ` �
m=2; then we shall localize Dm�`

t u by a function 'm;m�` satisfying

'm;m�` � 1 on U1=m; 'm;m�` 2 C1
0 .U1/: (13.88)

Now we are almost in position to take ' D 'm out of the norm in (13.85) and specify
the new function 'm;m�`: In fact, we have to make two remarks first, and will treat
the case m � ` < m=2 below.

Remark. While it is true that we could just write k'wks � ck'kskwks ; for s � 2;

to do so would incur at least two derivatives on ' with no gain on w: To avoid
this difficulty, we use the following finer estimates of the H2 norm of a product of
functions.

If '; Q' are two smooth, compactly supported functions with Q' � 1 on supp ',
then for every p � 2,

k'Dpuk2 � C2 sup
q�2

kDq'kL1k Q'Dp�quk2 (13.89)

and

k'Dpuk2 � C2 sup
q�2

kDq'kL1 kDp�qukH2.supp '/: (13.90)

Remark 2. Since m D .m � `/ C r1 C � � � C rb with m � ` � rj ; 8j; implies
b C 1 � m

m�` ; i.e., 1 � .b C 1/ � m�`
m
; we have:

ıb � c0 Qıb
�
m � `
m

�k
; 0 � k � 2; (13.91)

where Qı D 2ı; c0 D supb�1 2�b.b C 1/2:

Claim: There exist two constants C and A such that

sup
r�m

2

.r C 1/2

.r � 1/Š
jjjDr

t ujjjH2.U1=2/
C r

� A (13.92)
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implies

sup
r�m

.r C 1/2

.r � 1/Š
jjjDr

t ujjjH2.U0/
C r

� A: (13.93)

Proof. Using (13.91) with k D 1; we at first rewrite (13.85) with Qıb in place of
ıb m

m�` and with a new constant C0. Then assuming (13.92) for constants C;A > 1

to be chosen, we have (writing X2 for any product of at most two X ’s)

.mC 1/2

.m � 1/Š
jjj'mDm

t ujjj2
Cm

� C0

C

 
.mC 1/2

.m � 1/Š

X
1�k�2

k'.k/m X2Dm�k
t uk2

Cm�k

C sup
b;rj �1Pb
1 rj D`

0<`<m

.m � `C 1/2

.m � ` � 1/Š
k'mX2Dm�`

t uk2
Cm�` QıbAb

!
:

(13.94)

Now we use (13.89) to estimate the first term on the right-hand side in (13.94):

.mC 1/2

.m � 1/Š
X
1�k�2

k'.k/m X2Dm�k
t uk2

Cm�k

� 2 sup
1�k�2
0�q�2

.mC 1/2

.m� 1/Š
.cm/kCq kX2'm;m�k�qDm�k�q

t uk2
Cm�k�q

� C1 sup
1�k�4

.m � k C 1/2

.m� k � 1/Š
jjj'm;m�kDm�k

t ujjj2
Cm�k : (13.95)

For the second term on the right-hand side in (13.94), we distinguish two cases.
If m � ` > m

2
; we argue as above (which is permissible, since for m � 5 we have

1 � m
m�`�q � 10; for every 1 < ` � m

2
; q < 2/; so we obtain

.m � `C 1/2

.m� ` � 1/Š

k'mX2Dm�`
t uk2

Cm�` QıbAb

� C2 sup
k�2

.m � ` � k C 1/2

.m � ` � k � 1/Š

jjj'm;m�`�kDm�`�k
t ujjj2

Cm�`�k QıbAb: (13.96)

If, on the other hand,m� ` � m
2
; we have, from (13.90),

k'mX2Dm�`
t uk2 � sup

q�2
.Cm/q jjX2D

m�`�q
t ujjH2.U1=2/; (13.97)

and now invoking the (simple but very useful) estimate (13.91) yields
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.m � `C 1/2

.m� ` � 1/Š

k'mX2Dm�`
t uk2

Cm�` QıbAb

� c0
QQıb sup

q�2
.m � `/q .m � `C 1/2

.m � ` � 1/Š
jjX2D

m�`�q
t ujjH2.U1=2/
Cm�`�q Ab

�
�

arguing as above, since
.m� ` � q C 1/2

.m� ` � q � 1/Š
� .m � `/q .m � `C 1/2

.m � ` � 1/Š
�

� C3
QQıbAbC1; QQı D 2 Qı D 4ı: (13.98)

Summing up, from (13.94), (13.95), (13.96), and (13.98) we have

.mC 1/2

.m � 1/Š
jjj'mDm

t ujjj2
Cm

� C0

C
C3

QQıbAbC1 CC0

C

�
C1 C C2A

b Qıb/ sup
1�`<m

2

.m � `C 1/2

.m � ` � 1/Š
jjj'm;m�`Dm�`

t ujjj2
Cm�` :

(13.99)

Now we choose

QQı D A�2; i.e.; ı D .2A/�2 � ı.A/; C D C0.C1 C C2 C C3/; (13.100)

so we obtain

.mC 1/2

.m � 1/Š
jjj'mDm

t ujjj2
Cm

� max

(
sup

1�`<m
2

.m � `C 1/2

.m� ` � 1/Š

jjj'm;m�`Dm�`
t ujjj2

Cm�` ; 1

)
:

13.14 Reducing the Order by Half; the End of the Proof

We have reduced the order by at least one. If we are able to start again and argue
for 'm;m�`Dm�`

t u as above for 'mDm
t u; and continue with localizing functions, all

with their supports in U1=2; until the order is reduced to m
2
; we shall obtain (again

X2 standing for at most two X ’s)

.mC 1/2

.m � 1/Š
jjX2Dm

t ujjH2.U0/
Cm

� max

(
sup
r�m

2

.r C 1/2

.r � 1/Š
jjX2Dr

t ujjH2.U1=2/
C r

; 1

)
I

(13.101)

that is, our claim will be proved, with A � 1:
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Now to do this, we take 'm;m�` � 1 on U1=m and C1
0

	
U 1
mC 1

m�` .1� 1
m /



;

j'.k/m;m�`j � c

�
.m � `/

�
1C 1

mC 1

��k
; k � 4; (13.102)

and then

'm;m�`;m�`�`1 � 1 on U 1
m

C 1
m�`

.1� 1
m
/ (13.103)

and

'm;m�`;m�`�`1 2 C1
0

	
U 1
mC 1

m�` .1� 1
m /C 1

m�`�`1
.1�. 1mC 1

m�` .1� 1
m ///



(13.104)

and so on until the order of derivatives becomes � m
2
:

Denote by p the number of iterations required for this and call `0 D `,

m.C2/�
pX
0

`j � m

2
; (13.105)

and let Wp D a if Ua is the support of the pth localizing function, and so 1�Wp is
the remaining width (of the complement of U1/: ComputingWp , we obtain

Wp D 1 �
Y
p0�p

�
1 � 1

m�Pp0

0 `j

�
; (13.106)

and it is not too hard to prove (see the next section) that

Wp � 1

2
for m � 6; (13.107)

so our claim is proved with

A D max

(
sup
r�6

.r C 1/2

.r � 1/Š
jjX2Dr

t ujjH2.U1/; 1

)
; (13.108)

and the analytic regularity of u in U0 is proved.

13.15 The Width of the Critical Band

We want to compute the maximum of 1�…p0�p
�
1� 1

m�Pp0

0 `j

�
; i.e., the minimum

of…p0�p
�
1� 1

m�Pp0

0 `j

�
: This happens when the individual fractions in the product
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�
m � 1
m

��
m � `1 � 1
m � `1

�
� � �
�
m �Pp

0 `j � 1

m �Pp
0 `j

�

are as small as possible. If
Pp

0 `j D m=2; then for a given p; we should take
`p D `p�1 D � � � D `2 D 1 and `1 D m

2
� .p � 1/; giving the product

�
m � 1

m

��
m � .m

2
� .p � 1// � 1

m � m
2

� .p � 1/
��

m � .m
2

� .p � 1// � 2

m � .m
2

� .p � 1// � 1

�
� � �
� m

2
� 1

m � m
2

�
:

Here many, many things cancel, leaving only

�
m � 1
m

�� m
2

� 1

m � m
2

� .p � 1/

�
: (13.109)

Consider the minimum when p D 1: The minimum of .m�1/.m�2/
m2

occurs for
m D 4=3I this function is increasing after that, and form � 5:3;

.m � 1/.m� 2/

m2
� 1

2
:

For other values of p; it is clear that Wp < W1; and hence at least half of the total
width always remains. Further, for the new localizing function,'m;m�`1;:::;m�Pp

0
; one

computes without difficulty that each derivative is essentially m �Pp
0 `j � m=2:

13.16 The Faà di Bruno Formula

The derivation of our version of the formula of Faà di Bruno (of which there are
many) is completely natural (to us!):

Dm
t h.u.t// D Dm�1

t .u0.t/h0.u.t///

D
X

0�m1�m�1

�
m � 1
m1

�
u.m1C1/D.m�1�m1/

t h0.u.t//

D
X

1�`1�m

�
m � 1
`1 � 1

�
u.`1/D.m�`1/

t h0.u.t//

D
X

1�`1�m

�
m � 1
`1 � 1

�
u.`1/Dm�`1�1

t .u0.t/h00.u.t///

D
X

1�`1�m

�
m � 1
`1 � 1

� X
0�m2�m�`1�1

�
m � `1 � 1

m2

�

�u.`1/u.m2C1/Dm�`1�1�m2
t h00.u.t//
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D
X

1�`1�m

�
m � 1

`1 � 1

� X
1�`2�m�`1

�
m � `1 � 1
`2 � 1

�
u.`1/u.`2/Dm�`1�`2

t h00.u.t//

D � � � D

D
X

b;`j �1;Pb
1 `jDm

.m � 1/Š QHb;m;f`j g
bY
1

u.`j /

.`j � 1/Š ;

where

QHb;m;f`j g D h.b/

.m � `1/.m � `1 � `2/ � � � .m � `1 � � � � � `b�1/
:





Chapter 14
Treves’ Approach

In 1978, simultaneously with our result, F. Treves published a very different proof
of analytic hypoellipticity in the nondegenerate case.

The outline of the proof is natural enough: using well-known methods, the
problem is reduced to a pseudodifferential one that lives in the boundary, and then a
more general result is proved for a class of systems of pseudodifferential operators
with scalar principal part P D IdP2 CB1, where P2 and B1 are (classical, analytic)
pseudodifferential operators of order 2 and 1, respectively, P2 is a scalar, and Id is
the d � d identity matrix; the principal symbol �.P2/ of P is assumed to satisfy:

• Its principal symbol is nonnegative and vanishes to exactly order two on its
characteristic variety Char P .

• Char P is a symplectic analytic submanifold of the cotangent bundle.
• The whole operator P is hypoelliptic with loss of one derivative.

The principal example of such systems in their own right is the complex
boundary Laplacian �b , for which the hypotheses are rapidly shown to reduce to
Kohn’s condition Y.q/ (on .p; q/-forms) and the hypothesis that the Levi form is
nondegenerate.

Treves proves the following results:

Theorem 14.1. Let the system P satisfy (1) and (2) and be hypoelliptic with loss of
one derivative; then P is microlocally analytic hypoelliptic.

Corollary 14.1. The @-Neumann problem is microlocally analytic hypoelliptic (at
the boundary) provided the Levi form satisfies Kohn’s condition Z.q/ and is
nondegenerate.

Corollary 14.2. The complex boundary Laplacian �b is microlocally analytic
hypoelliptic provided the Levi form satisfies Kohn’s condition Y.q/ and is nonde-
generate.

In slightly more detail, the proof proceeds as follows.
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After the reduction to the boundary, of dimension n C 1; the proof begins by
using Sato’s theorem to reduce the problem to consideration of the operator

PS D Id

nX

i;jD1
aij YiY

�
j C B;

where the aij form an n � n matrix of pseudodifferential operators whose principal
symbol is self-adjoint positive definite and of order zero, while B is a matrix of
firsA-order pseudodifferential operators and the Yj are of the particularly simple form
Yj D @=@yj � yj @=@x; where x is written for ynC1: Thus the Yj and their adjoints
should be thought of as coming from the portion of the holomorphic structure of the
ambient space that is tangent to the boundary, and ynC1 from the “normal” variable.

After this reduction, the author studies the model “Grušin” operator

PG D Id

nX

i;jD1
Qaij LiL�

j C QB;

where now the Qaij are complex scalars and QB a complex matrix with A positive
definite and self-adjoint, and

Lj D @=@yj � yj ; j � n:

The assumption that �2 times no positive integral linear combination of the
eigenvalues of aij should be an eigenvalue of B at a reference point will ensure that
PG is invertible and that in fact the inverse has an integral kernel. And this condition
is clearly satisfied whenever the self-adjoint part of B is positive definite, since the
eigenvalues of A are all positive definite. While the bulk of the paper makes this
assumption of positivity for the self-adjoint part of B; in the end it is relaxed to the
previous condition.

This operator PG is next inverted by means of an integral representation arising
from a heat kernel and analyzed very carefully in the major part of the paper,
with approximation theorems that finally yield a parametrix to the original problem
which lives on the boundary and hence to the original boundary value problem.

However daunting, this method has the advantage that it produces a true
parametrix, which yields, potentially, more information about the solution than a
proof that estimates higher and higher derivatives of the solution and shows that
they force the solution itself to be a real analytic function.

The method has the weakness that it may not be particularly flexible, and if any
of the hypotheses is weakened it will fail.

At some level the two approaches may well be equivalent, that of Treves being
perhaps more geometric but also more delicate in treating asymptotic series in
the analytic category, while ours requires successive corrections in the spirit of a
(noncommutative) Taylor series that has its own symplectic formulation (cf. [T5]).
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It is true that when the coefficients are pseudodifferential, our method increases
in complexity. Even nonrigid, variable, but not pseudodifferential coefficients pose
real problems, since the proper balance in our Taylor-like series is not immediately
maintained, and only by invoking an identity in binomial coefficients can it be seen
that the poor-looking unbalanced terms can be written as sums of balanced terms
and the proof can proceed. This binomial identity seems to be standard, however,
and appears in Feller’s book [Fel].

As mentioned earlier, Métivier has followed Treves’ approach to prove a similar
result for pseudodifferential operators P of order m whose characteristic set † is a
real analytic submanifold on which the principal symbol vanishes exactly to order k
(and lower-order symbols vanishing appropriately). Such an operator P must be
subelliptic with loss of k=2 derivatives. Then P is AHE, provided† is symplectic.

We note that in a previous chapter we have applied our method to this situation
as well, obtaining an “elementary” proof of Métivier’s result.





Chapter 15
Appendix

15.1 A Discussion of the Localizing Functions

We have already discussed the family of localizing functions we use. Here we
present some remarks that may elucidate their usefulness and the subtlety of the
refinements we introduced in [T4].

We recall the definition:
Given two open sets �1 b �2 in R

n and an integer N; we will construct a
function ‰N 2 C1

0 .�2/ with ‰N � 1 on �1 and such that for some constant C
independent of the separation d between�1 and �2;

jD˛‰N j � C j˛jC1d�j˛jN j˛j; j˛j � 3N:

By scaling, it suffices to ignore the distance d; and then‰N is obtained by taking an
open set intermediate between the�j and convolving its characteristic function with
N copies of a standard (nonnegative) bump function of integral one, but of support
proportional to 1=N: In differentiating such a convolution up to 3N times, at most
three derivatives will fall on any one bump function, and the support properties of
‰N are easily verified.

Finally, in view of Stirling’s formula, when j˛j D N;

CNC1d�NN j˛j � CNC1d�NN Š � C 0C 0NN Š

with C 0 independent of N:
In the body of the text, in fact in each chapter, we found it necessary to nest many

of these open sets (denoted by !j ; 1 � j � log2 N for N given once and for all,
with their corresponding functions 'j � 1 on !j but in C1

0 .!jC1/; and we denote
by dj the distance from !j to the complement of !jC1).

We have seen that this can be done, by taking a suitable convolution of Nj D
N=2j copies of a standard “bump” function with the characteristic function of an
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open set containing !j but contained in !jC1 and whose boundary lies halfway
between the boundary of !j and the complement of !jC1; and such that

jD˛'j j � .Nj =dj /
j˛j; j˛j � 3Nj :

The factor of 3 is merely for convenience.
The reason that each Nj is one-half of the previous one is that each full set of

iterations of the a priori estimate reduces the power of T by at least one-half; hence
the next time at most half the number of derivatives is even present in the estimates,
which means that the next ' need accept only half the number of derivatives of the
previous one.

However, it is clearly necesary that the sum of the dj be finite. In fact the sum
will be equal to the (finite) separation d0 between the initial open set where we will
prove that the solution is analytic to the complement of the open set where the data
are assume to be real analytic functions.

That is, we require that X
j

dj D d0

and that in the extreme case,

log2 NY
jD0

.Nj =dj /
Nj D

log2 NY
jD0

�
N=2j

dj

�N=2j
� CNNN

for some constant C (this is the extreme case in which all derivatives land on the
localizing functions).

But there is one additional condition, buried in the estimates in places such as the
definition of dj above, which is to ensure that at each stage, long after N has been
replaced by Nj D N=2j ; we may estimate

N
Nj
j � CNj Nj Š;

so that after we have done this log2 N times, the resulting product satisfies

Y
CNj � CN ;

If the corresponding left hand side is NNj ; estimating

NNj � CNNj Š;

The tempting choice dj D d0=2
j will actually work here, as observed earlier;

even though at each level the equivalence does not seem sufficiently uniform, in the
ultimate product it will be (cf. (4.20), . . . , (5.21)).
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15.2 The Analytical Material Used

15.2.1 Some Fourier Analysis and Sobolev Spaces

For a smooth function f .x/; the Fourier transform is defined by

Of .�/ D 1

.2�/n=2

Z
Rn

e�ix��f .x/ dx:

The L2 Sobolev spaces Hs may be defined as the completion of C1
0 with respect

to the norm

kvks D
�Z

Rn

.1C j�j2/sjOv.�/j2 d�
�1=2

or the space of tempered distributions v for which kvks is finite.
It is not hard to conclude the celebrated Sobolev embedding theorem, that locally,

f 2 C r , provided f 2 HrCs for some s > n=2, using the Schwarz inequality, and
thus that locally, C1 D \sH

s:

15.2.2 The Heisenberg Group

As mentioned earlier, we do not actually need the Heisenberg group in our
work. What suffices is the particular vector fields mentioned above. However, for
completeness we mention that the group law on R

2nC1 given by

.x1; y1; t1/ � .x2; y2; t2/ D
�
x1 C x2; y1 C y2; t1 C t2 C 1

2
.x1y2 � x2y1/

�
:

yields what is known as the Heisenberg group, and a basis of vector fields that are
invariant under translation by the group action is the set of vector fields cited above.

15.2.3 Pseudodifferential Operators

Just as a partial differential operator

P.x;D/ D
X

j˛j�m
a˛D

˛; D D 1

i

@

@x
;
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may be defined in terms of its “symbol” p.x; �/ D P
j˛j�m a˛�˛;

3P.x;D/u.�/ D p.x; �/Ou.�/;

so more general “symbols” p.x; �/, which may be sums of terms homogeneous of
decreasing degrees in � (or even asymptotic sums of terms of orders going to �1),
define operators by the same formula and obey a calculus similar to that of partial
differential operators.

By the principal symbol pm.x; �/ of a pseudodifferential operator Pm.x;D/ of
degree m we mean a smooth function pm.x; �/; homogeneous of degree m in � for
j�j � 1 and such that locally in x;

jD˛
xD

ˇ

� pm.x; �/j � C j˛jCjˇjC1.1C j�j/m�jˇj; j�j � 1:

The calculus yields then that if the pmj have degreemj ; j D 1; 2; then Pm1Pm2 has
degreem1 Cm2 with leading symbol pm1pm2 and hence that the bracket Pm1Pm2 �
Pm2Pm1 has “leading symbol” identically equal to zero, and hence ŒPm1; Pm2� has
order at most m1 Cm2 � 1:

We will mostly use constant-coefficient pseudodifferential operators, generally
powers of a Laplacian in one or more variables. In particular, in R

nC1 with
coordinates .x; t/; the operator ƒt with symbol .1 C j� j2/1=2 will commute with
functions of the other variables, while the operatorƒ with symbol � D .1C j�j2 C
j� j2/1=2 in obvious notation provides a natural bijection from Hs to Hs�1 whose
inverse has symbol 1=�:
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et analyse fonctionelle, Exp. no. 12, 6 pp., Centre de Math., École Polytechnique, Paris
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[Mé3] G. MÉTIVIER. Non Hypoellipticité Analytique pour D2
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[Sj1] J. SJÖSTRAND. Parametrices for Pseudodifferential Operators with Multiple Charac-
teristics, Ark. för Mat., 12 (1974), 85–130.
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